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Abstract. A partial KKM space is an abstract convex space satisfying the abstract form of the KKM theorem. In
the last decade we have studied a large number of properties and examples of such spaces. In the present article
we introduce some new examples of partial KKM spaces such as N R-metric spaces of Amini-Fakhar-Zafarani
[1], some generalizations of them, modular function spaces of Khamsi - Latif - Al-Sulami [12], tvs-cone metric
spaces of Simić [27], abstract convexity spaces of Xiang-Xia-Chen [31], modular spaces of Shabanian-Vaezpour
[26], convex metric spaces of Takahashi [29] studied by Jafari-Farajzadeh-Moradi-Khanh [9]. We also note that
circular metric spaces of Chaipunya-Kumam [2] are not known to be partial KKM spaces.
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1. I NTRODUCTION
A partial KKM space is an abstract convex space satisfying the abstract form of the KKM
theorem, and a KKM space is the one also satisfying open-valued version of the form. We had
shown that such spaces have a large number of important properties and interesting examples.
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The definitions, some basic facts, and some of typical examples of abstract convex spaces or
KKM spaces are shown in our previous works [13-25].
Recently we introduced some relatively new examples of the KKM spaces such as hyperbolic
spaces, complete continuous midpoint metric spaces, metric spaces with global nonpositive
curvature (NPC), complete finite dimensional Riemannian manifolds, the B-spaces, and some
others. We showed that many of their properties can be deduced by following our previous
works [13,14].
In the present article, we introduce some new examples of partial KKM spaces such as N Rmetric spaces of Amini-Fakhar-Zafarani [1], certain generalizations of them, modular function
spaces of Khamsi - Latif - Al-Sulami [12], tvs-cone metric spaces of Simić [27], abstract convexity spaces of Xiang-Xia-Chen [31], modular spaces of Shabanian-Vaezpour [26], and convex
metric spaces of Takahashi [29] studied by Jafari-Farajzadeh-Moradi-Khanh [9]. However, circular metric spaces of Chaipunya-Kumam [2] are not known to be partial KKM spaces.
This article is organized as follows: Section 2 introduces the basic facts on abstract convex
spaces, KKM maps, and multimap classes KC and KO. In Section 3, we simply recall characterizations and properties of (partial) KKM spaces, and introduce one of the most general KKM
type theorems. Section 4 devotes to introduce known examples of KKM spaces.
Section 5 devotes to introduce N R-metric spaces and certain generalizations of them. Sections 6 to 11 are given by the chronological order of the subject matters. Especially, in Section
10, we note that circular metric spaces are not known to be partial KKM spaces. In other
sections, we give new examples of partial KKM spaces as listed above.

2. P RELIMINARIES
We follow our previous works [13, 14] and the references therein.
Definition 2.1. An abstract convex space (E, D; Γ) consists of a topological space E, a nonempty
set D, and a multimap Γ : hDi ( E with nonempty values ΓA := Γ(A) for A ∈ hDi, where hDi
is the set of all nonempty finite subsets of D, such that, for any D0 ⊂ D, the Γ-convex hull of D0
is denoted and defined by
coΓ D0 :=

{ΓA | A ∈ hD0 i} ⊂ E.

[
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A subset X of E is called a Γ-convex subset of (E, D; Γ) relative to D0 if for any N ∈ hD0 i, we
have ΓN ⊂ X, that is, coΓ D0 ⊂ X.
When D ⊂ E, a subset X of E is said to be Γ-convex if coΓ (X ∩ D) ⊂ X; in other words, X is
Γ-convex relative to D0 := X ∩ D.
In case E = D, let (E; Γ) := (E, E; Γ).
Definition 2.2. Let (E, D; Γ) be an abstract convex space and Z a topological space. For a
multimap F : E ( Z with nonempty values, if a multimap G : D ( Z satisfies
F(ΓA ) ⊂ G(A) :=

[

G(y)

for all A ∈ hDi,

y∈A

then G is called a KKM map with respect to F. A KKM map G : D ( E is a KKM map with
respect to the identity map 1E of E.
A multimap F : E ( Z is called a KC-map [resp. a KO-map] if, for any closed-valued [resp.
open-valued] KKM map G : D ( Z with respect to F, the family {G(y)}y∈D has the finite
intersection property. In this case, we denote F ∈ KC(E, Z) [resp. F ∈ KO(E, Z)].
Definition 2.3. The partial KKM principle for an abstract convex space (E, D; Γ) is the statement 1E ∈ KC(E, E), that is, for any closed-valued KKM map G : D ( E, the family {G(y)}y∈D
has the finite intersection property.
The KKM principle is the statement 1E ∈ KC(E, E) ∩ KO(E, E), that is, the same property
also holds for any open-valued KKM map.
An abstract convex space is called a (partial) KKM space if it satisfies the (partial) KKM
principle, resp.
Our KKM theory concerns with the study of partial KKM spaces and their applications.
Example 2.4. For typical subclasses of KKM spaces, see [14,18,21] and the references therein.
We need the following:
Recall that a topological space X is contractible if there exist a continuous function H :
[0, 1] × X → X and a point x0 ∈ X, such that, for any x ∈ X, H(0, x) = x0 and H(1, x) = x. Any
star-shaped set, and consequently, any convex set in a topological vector space is contractible.
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But there is a more general concept. A nonempty topological space X is homotopically trivial
if for any natural number n and any continuous function f : ϑ ∆n → X, defined on the boundary
of the standard n-dimensional simplex ∆n , there exists its continuous extension g : ∆n → X.
Definition 2.5. A triple (X ⊃ D; Γ) is called an H-space if X is a topological space and Γ =
{ΓA } a family of contractible subsets of X indexed by A ∈ hDi such that ΓA ⊂ ΓB whenever
A ⊂ B ∈ hDi. If D = X, (X; Γ) := (X, X; Γ) is called a c-space by Horvath [6,7].
In case Γ is a family of homotopically trivial sets, then (X ⊃ D; Γ) will be called a Horvath
space [22] which is more general than H-spaces and becomes the following type of spaces.
Definition 2.6. A generalized convex space or a G-convex space (X, D; Γ) due to Park is an
abstract convex space such that for each A ∈ hDi with the cardinality |A| = n + 1, there exists a
continuous function φA : ∆n → Γ(A) such that J ∈ hAi implies φA (∆J ) ⊂ Γ(J). Here, ∆J is the
face of ∆n corresponding to J ∈ hAi.
Actually, G-convex spaces have a large number of subclasses and very useful to applications,
and were subject of hundreds of papers of other authors. Consequently, many authors tried to
extend, imitated, reformulated or modified the concept to such as so called FC-spaces, FWCspaces, GFC-spaces, L-spaces, M-spaces, W-spaces, simplicial spaces, spaces having property
(H), convexity structures satisfying the H-condition, etc. Such spaces are unified by the following:
Definition 2.7. A φA -space (X, D; {φA }A∈hDi ) consists of a topological space X, a nonempty set
D, and a family of continuous functions φA : ∆n → X (that is, singular n-simplices) for A ∈ hDi
with |A| = n + 1. By putting ΓA := φA (∆n ) for each A ∈ hDi, the triple (X, D; Γ) becomes an
abstract convex space.
Now we have the following well-known diagram for triples (E, D; Γ):
Simplex =⇒ Convex subset of a t.v.s. =⇒ Lassonde’s convex space
=⇒ Horvath space =⇒ G-convex space ⇐⇒ φA -space
=⇒ KKM space =⇒ Partial KKM space
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=⇒ Abstract convex space.
This diagram shows main subclasses of abstract convex spaces.

3. M OST GENERAL KKM TYPE THEOREM
Recall that, in [13], we derived generalized forms of the Ky Fan minimax inequality, the von
Neumann-Sion minimax theorem, the von Neumann-Fan intersection theorem, the Fan type
analytic alternative, and the Nash equilibrium theorem for partial KKM spaces. Consequently,
our results in [13] unify and generalize most of previously known particular cases of the same
nature.
Moreover, in [14], we clearly derived a sequence of a dozen statements which characterize the
KKM spaces and equivalent formulations of the partial KKM principle. As their applications,
we add more than a dozen statements including generalized formulations of von Neumann
minimax theorem, von Neumann intersection lemma, the Nash equilibrium theorem, and the
Fan type minimax inequalities for any KKM spaces. Consequently, [14] unifies and enlarges
previously known several proper examples of such statements for particular types of partial
KKM spaces.
Such basic results are consequences of a certain simple KKM type theorem.
Now we prepare to introduce one of the most general forms of the KKM type theorems.
Consider the following related four conditions for a map G : D ( Z with a topological space
Z:
/
y∈D G(y) 6= 0

/
y∈D G(y) 6= 0.

T

(a)

T

(b)

T

y∈D G(y) =

T

y∈D G(y)

(G is intersectionally closed-valued ).

(c)

T

y∈D G(y) =

T

y∈D G(y)

(G is transfer closed-valued).

implies

(d) G is closed-valued.

Note that Luc et al. in 2010 showed that (a) ⇐= (b) ⇐= (c) ⇐= (d), and not conversely in
each step.
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The following is one of the most general KKM type theorems due to ourselves for abstract
convex spaces:
Theorem C. Let (E, D; Γ) be an abstract convex space, Z a topological space, F ∈ KC(E, Z),
and G : D ( Z a map such that
(1) G is a KKM map w.r.t. F; and
(2) there exists a nonempty compact subset K of Z such that either
(i) K = Z;
(ii) {G(y) | y ∈ M} ⊂ K for some M ∈ hDi; or
T

(iii) for each N ∈ hDi, there exists a Γ-convex subset LN of E relative to some D0 ⊂ D such
that N ⊂ D0 , F(LN ) is compact, and
F(LN ) ∩

\

G(y) ⊂ K.

y∈D0

Then we have
F(E) ∩ K ∩

\

G(y) 6= 0.
/

y∈D

Furthermore,
(α) if G is transfer closed-valued, then F(E) ∩ K ∩ {G(y) | y ∈ D} 6= 0;
/ and
T

(β ) if G is intersectionally closed-valued, then {G(y) | y ∈ D} 6= 0.
/
T

Note that this generalizes a large number of KKM type theorems in the literature. It is interesting to find any exceptional KKM type theorem which is not included in Theorem C.

4. E XAMPLES OF KKM SPACES
In our previous works [21-25] and others, we listed known concrete examples of KKM spaces
other than the subclasses in the diagram in Section 2 as follows:
(1) Hyperconvex metric spaces of Aronszajn and Panitchpakdi (1956)
(2) Hyperbolic metric spaces — Kirk (1982), Reich and Shafrir (1990)
(3) Transfer FS convex map — Tian (1993) — KKM map
(4) Topological semilattices — Horvath and Llinares-Ciscar (1996)
(5) E-convex spaces — Youness (1999)
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(6) Bayoumi’s KKM spaces — Bayoumi (2003)
(7) Γ-convex spaces — Zafarani (2004)
(8) R-tree — Kirk and Panyanak (2007)
(9) Horvath’s convex space — Horvath (2008)
(10) B-spaces — Briec and Horvath (2008)
(11) Connected linearly ordered spaces — Park (2007)
(12) Extended long line L∗ — Park (2008)
(13) Complete continuous midpoint metric spaces — Horvath (2009)
(14) Metric spaces with global nonpositive curvature (NPC) — Niculescu - Rovenţa (2009)
(15) R-KKM spaces — Sankar Raj and Somasundaram (2012)
(16) KKM spaces of Chaipunya-Kumam — Chaipunya and Kumam (2015)
(17) Complete finite dimensional Riemannian manifolds — Park (2019)
The readers are encouraged to try to find new examples of partial KKM spaces or KKM
spaces.
From now on, we introduce new partial KKM spaces by the chronological order, except
Section 10. The numbers attached to Definitions, Lemmas, Theorems, and Corollaries are the
ones in their original sources.

5. N R- METRIC SPACES AND GENERALIZATIONS
For any abstract convex spaces, we can define KKM maps. However, such spaces may not
(partial) KKM spaces. Some authors obtained results on such cases. In this section, we give
some examples related metric type spaces.
In 2005, motivated by Khamsi’s earlier work [10] on hyperconvex metric spaces, AminiFakhar-Zafaran [1] defined for a bounded subset A of a metric space (M, d) as follows:
(i) co(A) = {B ⊆ M : B is a closed ball in M such that A ⊂ B}.
T

(ii) A (M) = {A ⊆ M : A = co(A)}, i.e. A ∈ A (M) if and only if A is an intersection of closed
balls containing A. In this case, we say that A is an admissible set in M.
(iii) A is called subadmissible, if for each D ∈ hAi, co(D) ⊆ A.
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They obtained a Schauder type fixed point theorem for metric spaces as follows:
Corollary 2.4. [1] Let (M, d) be a metric space and X a nonempty subadmissible subset of
M. Suppose that the identity map 1X : X → X belongs to KC(X, X), then any continuous map
f : X → X such that cl f (X) is compact, has a fixed point.
In our terminology, if a nonempty subadmissible subset X is a partial KKM space, every
continuous compact selfmap has a fixed point.
The authors stated that Fakhar and Zafarani have shown that those multifunctions defined
on G-convex spaces which are closed, compact and acyclic valued have the KKM property.
However we noted earlier that the multimap class Aκc has the KKM property.
In the following we give some examples of the metric spaces X for which it is assumed that
the identity mapping 1X : X → X belongs to KC(X, X); that is, X is assumed to be a partial
KKM space.
Definition 2.9. [1] We say that (M, d) is an N R-metric space, if there exists a closed convex
subset (E, ρ) of a completely metrizable Hausdorff topological vector space (V, ρ) in which
ρ(αx1 + β x2 , αy1 + β y2 ) ≤ max(ρ(x1 , y1 ), ρ(x2 , y2 ))

for each x1 , x2 , y1 , y2 ∈ E, α + β = 1, α, β > 0
such that (M, d) can be isometrically embedded into (E, ρ) and there exists a nonexpansive
retraction r : E → M.
Every hyperconvex metric space is an N R-metric space, and every N R-metric space is a
generalized convex space in the sense of Park; see [1].
Later in 2010, Turkoglu-Abuloha-Abdeljawad [30] defined KKM maps in cone metric spaces,
and defined N R-cone metric spaces to obtain some fixed point theorems and hence generalized the results of Amini-Fakhar-Zafarani [1] in 2005.
The following is an example:
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Corollary 17. [30] Let (M, d) be a cone metric space and X a nonempty subadmissible subset
of M. Suppose that X is a partial KKM space (that is, the identity map 1X ∈ KC(X, X)), then
any continuous compact map f : X → X has a fixed point.
They showed that, in every N R-cone metric space (M, d) and for any subadmissible subset
X of M, the identity mapping belongs to KC(X, X). This gives an example of a partial KKM
space.
Moreover, in 2010, Khamsi and Hussain [11] discussed some recent results about KKM maps
in cone metric spaces, and also discussed the fixed point existence results of multimaps defined
on such metric spaces. In particular they showed that most of the new results are merely copies
of the classical ones and do not necessitate the underlying Banach space nor the associated
cone.
Theorem 4.3. [11] Let (M, d) be a metric type space and X a nonempty subadmissible subset
of M. Suppose that X is a partial KKM space (that is, the identity map 1X ∈ KC(X, X)), then
any continuous compact map f : X → X has a fixed point.
Furthermore, in 2011, Hussain and Shah [8] introduced cone b-metric spaces and defined
KKM maps on them. The following is a sample result in [8]:
Theorem 4.4. [8] Let (M, D) be a cone b-metric space and X a nonempty subadmissible subset
of M. Suppose that X is a partial KKM space (that is, the identity map 1X ∈ KC(X, X)). Then
any continuous compact map f : X → X has a fixed point.
Note that, in the last two papers treated in this section, their authors assumed the existence of
partial KKM spaces, but did not give any concrete example of them.

6. M ODULAR FUNCTION SPACES OF K HAMSI - L ATIF - A L -S ULAMI
In modular function spaces, Khamsi - Latif - Al-Sulami [12] introduced KKM-maps and
proved an analogue to Ky Fan’s fixed point theorem.
They introduced R, a modular function space Lρ and its convex subset, and defined as follows:
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Definition 3.1. [12] Let ρ ∈ R and C ⊂ Lρ be nonempty. A multimap G : C ( Lρ is called a
KKM map if
conv({ f1 , . . . , fn }) ⊂

[

G( fi )

1≤i≤n

for any f1 , . . . , fn ∈ C.
Theorem 3.1. [12] Let ρ ∈ R. Let C ⊂ Lρ be nonempty and G : C ( Lρ be a KKM-map such
that for any f ∈ C, G( f ) is nonempty and finitely ρ-closed. Then, the family {G( f ) : f ∈ C}
has the finite intersection property.
This shows that (Lρ ,C; conv) is a partial KKM space. Therefore, it satisfies all results in our
2010 article [14]. Consequently, we have rich information on such spaces.
Their method is similar, but much complicated, to Khamsi’s earlier paper on hyperconvex
metric spaces in 1996 [10].

7. T VS - CONE METRIC SPACES OF S IMI Ć
In 2010, A. Sonmez [28] proved that a cone metric space is paracompact when the underlying
cone is normal, and K. P. Chi and T. V. An [4] proved Dugundji’s extension theorem for the
normal cone metric space. Motivated by these, Simić [27] proved this in the frame of the tvscone spaces in which the cone does not need to be normal, and gave examples to illustrate the
results.
Simić obtained the following:
Theorem 2.3. [27] Let (X, ||| · |||) be a cone normed space over a solid cone P and let e ∈
int P. Let (X, τd ) be a topological space with topology τd induced on X by the cone metric
d : X × X → R with d(x, y) = |||x − y|||, and let qe be the corresponding Minkowski functional
of [−e, e]. Then, on X there exists a norm || · || : X → R with || · || = qe ◦ ||| · |||, such that the
topologies induced on X by cone norm ||| · ||| and norm || · || are equivalent. In other words,
the spaces (X, || · ||) and (X, ||| · |||) have the same collections of open, closed, and compact
sets, and also the same convergent and Cauchy sequences, and the same continuous functions.
Moreover, for arbitrary x, y ∈ X, if |||x||| 4 |||y|||, then ||x|| ≤ ||y||.
Since X can be regarded as a normed space, Simić [27] obtained the following:
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Corollary 2.2. [27] Let (X, ||| · |||) be a cone normed space, K be a nonempty subset of X, and
H : K ( X be a KKM map with closed values. If H(x) is compact for at least one x ∈ K, then
/
x∈K H(x) 6= 0.

T

With the routine reason, (X, K; co) is a partial KKM space.

8. A BSTRACT CONVEXITY SPACES OF X IANG -X IA -C HEN
Xiang-Xia-Chen in 2016 [31] introduced an abstract convexity structure via an upper semicontinuous multi-valued map and established some generalized versions of the KKM lemma.
By employing these general KKM lemmas, they derived some generalizations of minimax inequalities. Our aim in [19] was to show that most results in [31] are either consequences of
known ones or can be stated in more general forms in the frame of abstract convex spaces in the
sense of ourselves.
Definition 4.1. [31] Let Y be a compact set of a topological space, and let q : ∆n ( Y be a
multimap. If for each continuous map p : Y → ∆n (called a simplex mapping), there exists some
point x0 ∈ p · q(x0 ) then we say that q has a fixed point property with respect to ∆n and simplex
mappings.
Lemma 4.2.[4.3.] [31] Let Y be a metric space [resp. compact space], and let {F0 , F1 , . . . , Fn }
be a family of closed subsets of Y . If there exists an upper semicontinuous mapping q : ∆n ( Y
such that
q(∆J ) ⊂

[

Fj [resp. q(∆J ) ⊂ coC {y j : j ∈ J}], ∀J ⊂ N,

j∈J

and q has a fixed point property with respect to ∆n and simplex mappings. Then

Tn

i=0 Fi

6= 0.
/

The present author obtained the following:
Theorem 5.2. [19] Let (E, D; Γ) be an abstract convex space, G : D ( E be a KKM map with
closed [resp. open] values. Suppose that for each finite subset {y0 , y1 , . . . , yn } ⊂ D, there exists
an upper [resp. a lower] semicotinuous map F : ∆n ( E such that
F(∆J ) ⊂ coΓ {y j : j ∈ J} ∀J ⊂ N = {0, 1, . . . , n}.
Then {G(y) : y ∈ D} has the finite intersection property.
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Consequently, spaces having abstract convexity structures of [31] are all KKM spaces. Moreover, Theorem 5.2 [19] generalizes and characterizes Park’s φA -spaces.

9. M ODULAR SPACES OF S HABANIAN -VAEZPOUR
Shabanian and Vaezpour [26] presented a modular version of KKM and generalized KKM
mappings, and then established a characterization of generalized KKM mappings in modular
spaces. Also they proved an analogue to KKM principle in modular spaces. Moreover, as
an application, they gave some sufficient conditions which guarantee existence of solutions of
minimax problems in which they got Fan’s minimax inequality in modular spaces.
They began to define a modular ρ on a real linear space X and the corresponding modular
space Xρ given by
Xρ = {x ∈ X : ρ(αx) → 0 as α → 0}.
Lemma 3.2. [26] The mapping f : ∆n → Xρ , defined as
n

f (t0 ,t1 , . . . ,tn ) = ∑ ti xi
i=0

is continuous for each x0 , . . . , xn ∈ Xρ and n ∈ N where ρ is a modular on X.
This shows that Xρ is a φA -space of Park and hence a KKM space. Therefore, it satisfies all
25 results of our 2010 article [14].
Corollary 3.4. [26] Let ρ be a modular on Y, X be a nonempty set of Yρ , and G : X ( Yρ be
a closed-valued map. If G is KKM, then the family {G(x) : x ∈ X} has the finite intersection
property.
This shows again that (Yρ , X; co) is a partial KKM space and hence, satisfies the large number
of statements in [14].
Theorem 3.5. [26] Let ρ be a modular on Y, X be a nonempty set, and G : X ( Yρ be a map
with closed values. Moreover, suppose there exists x0 ∈ X such that G(x0 ) is compact. Then
/
x∈X G(x) 6= 0

T

if and only if the mapping G is a generalized KKM mapping.

Note also that a generalized KKM map of Chang-Zhang type can be regarded simply a KKM
map in the abstract convex theory; see [20].
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10. C IRCULAR METRIC SPACES OF C HAIPUNYA AND K UMAM
In 2013, Chaipunya-Kumam [2] studied some topological nature of circular metric spaces
and deduced some fixed point theorems for maps satisfying the KKM property. They also
investigated the solvability of a variant of a quasi-equilibrium problem as an application.
Definition 2.1. [2] Let X be a nonempty set. A function δ : R+ × X × X → [0, ∞] is said to be a
circular metric if the following conditions are satisfied:
(C1) δλ (x, y) = 0 for all λ > 0 if and only if x = y;
(C2) δλ (x, y) = δλ (y, x) for all (λ , x, y) ∈ R+ × X × X;
(C3) For any λ > 0 and x, y, z ∈ X, we can find µ ∈ (0, λ ) such that
δλ (x, y) ≤ δµ (x, z) + δλ −µ (z, y).
In this case, the pair (X, δ ) is called a circular metric space.
If the inequality in (C3) holds for all µ ∈ (0, λ ), we say that (X, δ ) is a modular metric space.
After investigating topological properties of circular metric spaces, Chaipunya-Kumam [2]
adopted the terminology of Khamsi [10] and studied some KKM property as follows:
Definition 3.4. [2] Let M be a circular metric space and X be a subadmissible subset of M. A
multimap G : X ( M is said to be a KKM map if for each A ∈ hXi we have
ad(A) :=

\

{B ⊂ X : B is a closed ball in X such that B ⊃ A} ⊂ G(A).

The following are typical results:
Theorem 3.9. [2] Let (M, δ ) be a circular metric space, X be a nonempty subadmissible subset
of M and F ∈ KC(X, X). If F is closed and firmly compact, then F has a fixed point.
Corollary 3.12. [2] Let (M, δ ) be a circular metric space, Y be a topological space and X
be a nonempty subadmissible subset of M. Suppose that f : X → X is continuous and f (A) is
bounded and compact for all nonempty bounded subset A of X. If X is a partial KKM space
(that is, 1X ∈ KC(X, X)), then f has a fixed point.
Here Chaipunya-Kumam [2] assumed the existence of a partial KKM space.
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11. C ONVEX METRIC SPACES OF TAKAHASHI BY JAFARI ET AL .
Jafari et al. [9] deals with equilibrium problems in the setting of metric spaces with a continuous convex structure. They extend Fan’s 1984 KKM theorem to convex metric spaces
of Takahashi [29] in order to employ some weak coercivity conditions to establish existence
results for suitable local Minty equilibrium problems, where the involved bifunctions are ϕquasimonotone. By an approach which is based on the concept of the strong ϕ-sign property
for bifunctions, they obtain existence results for equilibrium problems which generalize some
results in the literature.
F ROM T EXT: The third approach to avoid linear structures was due to Takahashi [29] for
metric spaces. Namely, he introduced a W -convex structure as follows. A metric space (X, d)
with a mapping W : X × X × [0, 1] → X such that, for every u ∈ X,
d(u,W (x, y;t)) ≤ td(u, x) + (1 − t)d(u, y) for x, y ∈ X,
is called a convex metric space and is denoted by (X,W, d). A subset K of a convex metric space
X is said to be convex if W (x, y, λ ) ∈ K for all x, y ∈ K and λ ∈ [0, 1].
In order to extend the notions of the KKM map and the proper quasimonotonicity of a bifunction to convex metric spaces, they extend the notion of the convex combination of a finite
number of elements of a convex metric space X by applying induction.
Definition 2.1. [9] Let x1 , x2 , . . . , xn be a finite number of elements of a convex metric space X
and t1 ,t2 , . . . ,tn ∈ [0, 1] be such that ∑ni=1 ti = 1. Defined the convex combination of elements
x1 , x2 , . . . , xn as W̃ (x1 , x2 , . . . , xn ;t1 ,t2 , . . . ,tn ) case by case. For details, see [9].
In 1984 Fan extended his 1961 KKM-Fan lemma in order to relax the compactness condition
and obtained the following result which is known as Fan’s 1984 KKM theorem.
Lemma 3.2. [9] Let C be a nonempty subset of a Hausdorff topological vector space Y and
F : C ( Y be a map such that
(i) F is closed-valued;
(ii) F is a KKM map;
(iii) there exists a nonempty compact convex subset B of C such that

T

x∈B F(x)

is compact.
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/
x∈C F(x) 6= 0.

T

Definition 3.2. [9] Let K be a convex subset of a convex metric space X and F : K ( X be a
map. We say that F is a weak KKM map if, for every n ∈ N and x1 , . . . , xn ∈ K,
conv({x1 , . . . , xn }) ⊆

n
[

(clF(xi ) ∪ {xi }).

i=1

The following statement is the mentioned extension of Fan’s 1984 KKM theorem:
Theorem 3.6. [9] Let X be a convex metric space and K be a non-empty convex subset of X.
Suppose that a multimap F : K ( X satisfies the following conditions:
(i) F is intersectionally closed;
(ii) F is a weak KKM map;
(iii) there exists a non-empty compact convex subset B of K such that
Then,

T

x∈B clF(x) is compact.

/
x∈K F(x) 6= 0.

T

C OMMENTS : Since W and W̃ are continuous, W̃ can be regarded a continuous function
φA : ∆n−1 → X for A ∈ hXi with |A| = n. Therefore, X can be regarded as a φA -space and hence
a KKM space. Therefore, every convex metric space of Takahashi satisfies all results in our
2010 article [14].
The following is the correct form of Ky Fan’s 1984 KKM theorem [5]:
Theorem 4. [5] In a topological vector space, let Y be a convex set and 0/ 6= X ⊂ Y. For each
x ∈ X, let F(x) be a relatively closed subset of Y such that the convex hull of every finite subset
{x1 , x2 , . . . , xn } of X is contained in the corresponding union
subset X0 of X such that the intersection
convex subset of Y, then

T

Sn

i=1 F(xi ).

x∈X0 F(x) is compact and X0

If there is a non-empty

is contained in a compact

/
x∈X F(x) 6= 0.

T

It is already well-known that the coercivity condition in Theorem 4 [5] is a particular form of
the condition (iii) of our Theorem C.
The following are our new results:
Lemma 1. Let E be a convex metric space and D a nonempty subset of X. Then (E, D; conv) is
a KKM space.
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As we observed already (E, D; conv) can be regarded as a φA -space.
By putting E = Z, F = 1E ∈ KC(E, E) in Theorem C, we have
Theorem 2. Let (E, D; Γ) be as in Lemma 1, and G : D ( E a map such that
(1) G is a closed-valued KKM map; and
(2) there exists a nonempty compact subset K of E such that either
(i) K = E;
(ii) {G(y) | y ∈ M} ⊂ K for some M ∈ hDi; or
T

(iii) for each N ∈ hDi, there exists a compact convex subset LN of E relative to some D0 ⊂ D
such that N ⊂ D0 , and
LN ∩

\

G(y) ⊂ K.

y∈D0

Then we have
K∩

\

G(y) 6= 0.
/

y∈D

Furthermore,
(α) if G is transfer closed-valued, then K ∩ {G(y) | y ∈ D} 6= 0;
/ and
T

(β ) if G is intersectionally closed-valued, then {G(y) | y ∈ D} 6= 0.
/
T

By putting G(x) = clF(x) ∪ {x}, our Theorem 2 reduces to Theorem 3.6 [4]. Moreover, note
that the weak KKM maps are senseless.
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