학술원논문집 (자연과학편) 제57집 2호 (2018) 1-46

A panoramic view of the KKM theory
on abstract convex spaces
A panoramic view of the KKM theory
on abstract
Sehieconvex
Park∗ spaces
Sehie Park*

1)

추상볼록공간에서의 KKM 이론의 개관

추상볼록공간에서의 KKM 이론의 개관
박 세 희∗*
박 세 희

ABSTRACT
Since we began to study the KKM theory on abstract convex
spaces, we have added the followings to the realm of the theory:
(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)

Results implying equivalents of the KKM theorem
Basic concepts of abstract convex spaces
Several multimap classes useful for the KKM theory
Various properties of the KKM spaces
Many examples of the KKM spaces
Some typical theorems of the KKM theory
Applications of the convex-valued KKM maps
Applications to the Hahn-Banach theorem
Applications to variational relations

Our aim in this article is to survey on the recent study on (1)–(9)
mainly achieved by the present author.
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초

록

1992년에 KKM 이론을 연구하기 시작한 이래, 우리는 다음의 것
들을 이 이론에 도입하여 왔다:
(1) KKM 정리와 동치인 여러 명제들
(2) 추상볼록공간의 기본 개념
(3) KKM 이론에서 유용한 여러 다가사상족
(4) KKM 공간의 여러 가지 성질
(5) KKM 공간의 여러 형태와 구체적인 예들
(6) KKM 이론의 대표적인 정리들
(7) 볼록값을 가진 KKM 사상의 응용
(8) Hahn-Banach 정리에의 응용
(9) 변분관계로의 응용
이 논문의 목표는 위의 (1)–(9)에 관하여 주로 우리가 얻은 결과들
을 해설하는 것이다.
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1. Introduction
The KKM theory, first called by the author [1992a], is the study on applications of equivalent formulations or generalizations of the KKM theorem
due to Knaster, Kuratowski, and Mazurkiewicz [1929]. The KKM theorem is one of the most well-known and important existence principles
and provides the foundations for many of the modern essential results in
diverse areas of mathematical sciences. Since the theorem and its many
equivalent formulations or extensions are powerful tools in showing the
existence of solutions of a lot of problems in pure and applied mathematics, many scholars have been studying its further extensions and
applications.
The KKM theory was first devoted to convex subsets of topological
vector spaces mainly by Ky Fan, and later to so-called convex spaces
by Lassonde, to H-spaces by Horvath and others, to G-convex spaces
mainly by the present author. In 2006-09, we proposed new concepts of
abstract convex spaces and the partial KKM spaces which are proper
generalizations of G-convex spaces and adequate to establish the KKM
theory. Now the KKM theory becomes the study of partial KKM spaces
and we obtained a large number of new results in such frame. For the
history of the KKM theory, see our recent article [2017].
The purpose of this article is to survey the current state of the KKM
theory of our abstract convex spaces. The following is the list of sections
of this article:
2.
3.
4.
5.
6.
7.
8.
9.
10.

Historical basic theorems
Abstract convex spaces
Multimap classes in the KKM theory
A metatheorem on KKM spaces
Known examples of KKM spaces
Some typical theorems
Applications of the convex-valued KKM maps
Applications to the Hahn-Banach theorem
Applications to variational relations

The last three sections are devoted to extend the realm of our KKM
theory on abstract convex spaces.
All references given by the form [year] can be seen in the references at
the end of this article and the one by the form (year) can be found in the
related literature. Especially, for example, Park [2020] will be denoted
by [P2020].
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2. Historical basic theorems
It is well-known that the Brouwer fixed point theorem [1912], the
weak Sperner combinatorial lemma [1928], and the Knaster-KuratowskiMazurkiewicz (KKM) covering theorem [1929] are equivalent each other
and have nearly one hundred equivalent formulations; see [P2017]. It is
also well known that several thousand articles are concerned with these
three theorems.
However, their roots are much deeper. Recently, Nyman and Su [2013]
choose a particular form of Fan’s 1952 Lemma [1952] and called it “Fan’s
N + 1 lemma”. They showed that this lemma implies several classical
results implying the three equivalent statements.
2.1. Ky Fan’s combinatorial lemma
In 1945, Tucker [1946] discovered a very interesting combinatorial
lemma which is based on the non-retraction theorem. By its use, he gave
elementary and elegant proofs of various well-known topological properties of the n-sphere, such as the antipodal-point theorem of Borsuk-Ulam,
that of Lusternik-Schnirelmann, and many others for the particular case
n = 2.
In 1952, Ky Fan [1952] obtained a generalization of Tucker’s combinatorial lemma, together with two new antipodal-point theorems generalizing the theorems of Borsuk-Ulam and Lusternik-Schnirelmann.
An octahedral subdivision of an n-sphere S n in Rn+1 is the subdivision of S n into 2n+1 n-simplices by n + 1 arbitrarily chosen orthogonal
hyperplanes in Rn+1 passing through the center of S n .
Ky Fan’s combinatorial lemma (Fan [1952]) Let K be a symmetric
barycentric subdivision of the octahedral subdivision of the n-sphere S n .
Suppose that each vertex of K is assigned a label from {±1, ±2, . . . , ±m}
in such a way that (i) labels at antipodal vertices sum to zero and (ii) labels at adjacent vertices do not sum to zero. Then there are an odd number of n-simplices whose labels are of the form {k0 , −k1 , k2 , . . . , (−1)n kn },
where 1 ≤ k0 < k1 < · · · < kn ≤ m. In particular, m ≥ n + 1.
Later it was known that the Borsuk-Ulam theorem, the LusternikSchnirelmann-Borsuk (LSB) theorem, and Tucker’s lemma are another
triumvirate of equivalent results and imply the Brouwer theorem, the
weak Sperner lemma, and the KKM theorem.
Sixty-one years later, Nyman and Su [2013] choose a particular form
of Fan’s 1952 Lemma and called it “Fan’s N + 1 lemma”. They showed
that N + 1 lemma is equivalent to Borsuk-Ulam theorem, LSB theorem,
4
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and Tucker’s lemma, and directly implies the weak Sperner lemma. Also
recall that Fan’s 1952 paper was extended to his 1999 paper [1999].
Let us consider an imaginary realm consisting of consequences and applications of Fan’s 1952 lemma. Since the non-retraction theorem implies
Tucker’s lemma, some of the consequences of the non-retraction theorem
belong to this realm. Our aim in this section is to give a panoramic view
of this realm.
2.2. Old Mathematical Trinity
In 1910, the following Brouwer fixed point theorem appeared:
Theorem. (Brouwer [1912]) A continuous map from an n-simplex to
itself has a fixed point.
In this theorem, an n-simplex can be replaced the unit ball Bn or any
compact convex subset in Rn without affecting its conclusion.
In 1928, Sperner obtained the following combinatorial lemma and its
applications:
Lemma. (Sperner [1928]) Let K be a simplicial subdivision of an nsimplex v0 v1 · · · vn . To each vertex of K, let an integer be assigned in
such a way that whenever a vertex u of K lies on a face vi0 vi1 · · · vik
(0 ≤ k ≤ n, 0 ≤ i0 ≤ i1 ≤ · · · ≤ ik ≤ n), the number assigned to u
is one of the integers i0 , i1 , · · · , ik . Then the total number of those nsimplices of K, whose vertices receive all n + 1 integers 0, 1, · · · , n, is
odd. In particular, there is at least one such n-simplex.
For historical remarks of Sperner himself were given in his [1980]. The
particular form of the above is usually called the weak Sperner lemma.
Indeed, using the weak Sperner lemma as a starting point, three of
the greatest topologists of all times, Polish academician S. Mazurkiewicz
and two of his former doctoral students, B. Knaster and K. Kuratowski
published in 1929 the following so-called the KKM theorem, which is the
origin of the KKM theory:
Theorem. (KKM [1929]) Let Ai (0 ≤ i ≤ n) be n + 1 closed subsets of
an n-simplex p0 p1 · · · pn . If the inclusion relation
p i 0 p i 1 · · · p i k ⊂ Ai 0 ∪ Ai 1 ∪ · · · ∪ Ai k
holdsTfor all faces pi0 pi1 · · · pik (0 ≤ k ≤ n, 0 ≤ i0 < i1 < · · · < ik ≤ n),
then ni=0 Ai 6= ∅.
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This is first applied to a direct proof of the Brouwer fixed point theorem by KKM [1929], and then to a von Neumann type minimax theorem for arbitrary topological vector spaces by Sion [1958]. Later it was
known that the KKM theorem also holds for open-valued KKM map; see
[P1999].
In fact, those three theorems are regarded as a sort of mathematical
trinity. All are extremely important and have many applications. See
[P1999].
Brouwer
1974 .

weak Sperner

- 1929
−→

1929

KKM

Statistics from Google Scholar (March 5, 2017):
Brouwer Fixed Point Theorem 31,100
Sperner’s Lemma 5,150
KKM 80,400
Recall that there are many equivalents of the Brouwer fixed point
theorem. Relatively early equivalents are given, for example, in [P2017].
Many of them are applied to lots of fields in mathematical sciences. One
of them is the minimax theory originated from the von Neumann minimax theorem [1928]. Also note that equivalents of the Brouwer fixed
theorem have a huge number of consequences of the KKM type. Hence
the realm of the KKM theory is very broad.
2.3. New Mathematical Triumvirate
Similarly to the mathematical trinity introduced by Brouwer, KKM,
and Sperner, relatively new Borsuk-Ulam (BU) theorem, the LusternikSchnirelmann-Borsuk (LSB) theorem, and Tucker’s combinatorial lemma
are another triumvirate of equivalent results. In each of these triples, the
first is an algebraic topology result, the second is a set-covering result,
and the third is a combinatorial result.
The main results of Nyman and Su [2013] are the following:
Theorem 1. Fan’s N + 1 Lemma is equivalent to the Borsuk-Ulam
Theorem.
Theorem 2. Fan’s N + 1 Lemma implies the weak Sperner lemma.
6
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There is a beautiful diagram of Nyman and Su [2013, Figure 1] showing connections between the topological, set-covering, and combinatorial
results.
BU ⇐⇒ LSB (Borsuk [1933])
Tucker =⇒ BU, LSB (Tucker [1946], Freund-Todd [1981])
BU =⇒ Tucker (Freund [1984a,b])
BU =⇒ Brouwer (Su [1997])
BU =⇒ weak Sperner (Nyman-Su [2013])
LSB =⇒ KKM
Theorem 1: Fan’s N + 1 ⇐⇒ BU
Theorem 2: Fan’s N + 1 =⇒ the weak Sperner
For details, see [P2017] and the references therein.

3. Abstract convex spaces
In order to upgrade the KKM theory, recently in 2006-09, we proposed
new concepts of abstract convex spaces and the KKM spaces which are
proper generalizations of various known spaces and adequate to establish
the KKM theory.
Multimaps are also called simply maps. Let hDi denote the set of all
nonempty finite subsets of a set D.
Recall the following in [P2017]:
Definition. An abstract convex space (E, D; Γ) consists of a topological
space E, a nonempty set D, and a multimap Γ : hDi ( E with nonempty
values ΓA := Γ(A) for A ∈ hDi, such that the Γ-convex hull of any
D0 ⊂ D is denoted and defined by
[
coΓ D0 := {ΓA | A ∈ hD0 i} ⊂ E.
A subset X of E is called a Γ-convex subset of (E, D; Γ) relative
to D0 if for any N ∈ hD0 i, we have ΓN ⊂ X, i.e., coΓ D0 ⊂ X. Let
(E; Γ) := (E, E; Γ).
Definition. Let (E, D; Γ) be an abstract convex space and Z a topological space. For a multimap F : E ( Z with nonempty values, if a
multimap G : D ( Z satisfies
[
F (ΓA ) ⊂ G(A) :=
G(y)
for all A ∈ hDi,
y∈A
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then G is called a KKM map with respect to F . A KKM map G : D ( E
is a KKM map with respect to the identity map 1E of E.
A multimap F : E ( Z is called a KC-map [resp. a KO-map] if,
for any closed-valued [resp., open-valued] KKM map G : D ( Z with
respect to F , the family {G(y)}y∈D has the finite intersection property.
In this case, we denote F ∈ KC(E, Z) [resp. F ∈ KO(E, Z)].
Definition. The partial KKM principle for an abstract convex space
(E, D; Γ) is the statement that, for any closed-valued KKM map G :
D ( E, the family {G(y)}y∈D has the finite intersection property.
The KKM principle is the statement that the same property also
holds for any open-valued KKM map.
Definition. An abstract convex space is called a (partial) KKM space
if it satisfies the (partial) KKM principle, resp.
Definition. A φA -space (X, D; {φA }A∈hDi ) consists of a topological space
X, a nonempty set D, and a family of continuous functions φA : ∆n → X
(that is, singular n-simplices) for A ∈ hDi with |A| = n + 1. By putting
ΓA := φA (∆n ) for each A ∈ hDi, the triple (X, D; Γ) becomes an abstract
convex space.
Definition. For a φA -space (X, D; {φA }), any multimap G : D ( X
satisfying
φA (∆J ) ⊂ G(J) for each A ∈ hDi and J ∈ hAi
is called a KKM map.
Every φA -space is a KKM space:
Lemma. Let (X, D; Γ) be a φA -space and G : D ( X a multimap with
nonempty closed [resp. open] values. Suppose that G is a KKM map.
Then {G(a)}a∈D has the finite intersection property.
Now we have the following diagram for triples (E, D; Γ):
Simplex =⇒ Convex subset of a t.v.s. =⇒ Convex space =⇒ H-space
=⇒ G-convex space =⇒ φA -space =⇒ KKM space
=⇒ Partial KKM space =⇒ Abstract convex space.
Consider the following related four conditions for a map G : D ( Z
with a topological space Z:
T
T
(a) y∈D G(y) 6= ∅ implies y∈D G(y) 6= ∅.
T
T
(b) y∈D G(y) = y∈D G(y) (G is intersectionally closed-valued).
8
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T

y∈D

G(y) =

T

y∈D
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G(y) (G is transfer closed-valued).

(d) G is closed-valued.
From the partial KKM principle we have the following one of the
most general KKM type theorems in [P2013]:
Theorem C. Let (E, D; Γ) be an abstract convex space, Z a topological
space, F ∈ KC(E, D, Z), and G : D ( Z a map such that
(1) G is a KKM map w.r.t. F ; and
(2) there exists a nonempty compact subset K of Z such that either
(i) K = Z;
T
(ii) {G(y) | y ∈ M } ⊂ K for some M ∈ hDi; or
(iii) for each N ∈ hDi, there exists a Γ-convex subset LN of E
relative to some D0 ⊂ D such that N ⊂ D0 , F (LN ) is compact, and
F (LN ) ∩

\

G(y) ⊂ K.

y∈D0

Then we have
F (E) ∩ K ∩

\

G(y) 6= ∅.

y∈D

Furthermore,
T
(α) if G is transfer closed-valued, then F (E) ∩ K ∩ {G(y) | y ∈
D} 6= ∅; and
T
(β) if G is intersectionally closed-valued, then {G(y) | y ∈ D} 6= ∅.

4. Multimap classes in the KKM theory
In our KKM theory we introduced several classes of multimaps which
play indispensable role, namely, the admissible class Aκc (X, Y ), the better
admissible class B, and the KKM admissible classes KC, KO.
4.1. The admissible class Aκc (X, Y )
Let X and Y be topological spaces. A polytope is a homeomorphic
image of a simplex.
Definition. An admissible class Aκc (X, Y ) of maps T : X ( Y is the
one such that, for each compact subset K of X, there exists a map
S ∈ Ac (K, Y ) satisfying S(x) ⊂ T (x) for all x ∈ K; where Ac is consisting
9
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of finite compositions of maps in A, and A is a class of maps satisfying
the following properties:
(1) A contains the class C of (single-valued) continuous functions;
(2) each F ∈ Ac is u.s.c. and compact-valued; and
(3) for each polytope P , each T ∈ Ac (P, P ) has a fixed point, where
the intermediate spaces of compositions are suitably chosen for each A.
Example. Examples of the multimap class A are the classes of continuous functions C, the Kakutani maps K, the Aronszajn maps M (with
Rδ values), the acyclic maps V, the Powers maps Vc , the O’Neil maps
N (continuous with values of one or m acyclic components, where m
is fixed), the approachable maps A (whose domains and codomains are
subsets of uniform spaces), admissible maps of Górniewicz, the Simons
maps Kc , σ-selectionable maps of Haddad and Lasry, permissible maps
of Dzedzej, and others. Further, the Fan-Browder maps (codomains are
convex sets), locally selectionable maps having convex values, K+
c due
κ
due
to
due
to
Park
et
al.,
and
approximable
maps
A
to Lassonde, V+
c
c
κ
Ben-El-Mechaiekh and Idzik are examples of the multimap class Ac .
For the literature, see [P1992a,b,1997,1998], Park and H. Kim
[1993,1996,1997] and the references therein.
4.2. The better admissible class B
Definition. Let X and Y be topological spaces. We define the better
admissible class B of maps from X into Y as follows:
F ∈ B(X, Y ) ⇐⇒ F : X ( Y is a map such that, for any natural
n ∈ N, any continuous function φ : ∆n → X, and any continuous function
p : F φ(∆n ) → ∆n , the composition p ◦ F ◦ φ : ∆n ( ∆n has a fixed
point.
Proposition 4.1. For any topological spaces X and Y , we have
Aκc (X, Y ) ⊂ B(X, Y ).
When X is a subset of an abstract convex space, the preceding definition reduces to the previous one in [P2009].
The following KKM theorem is due to [P1997, Theorem 3]:
Theorem 4.2. Let X be a convex space, Y a Hausdorff space, F ∈
B(X, Y ) a compact map, and S : X ( Y a map. Suppose that
(1) for each x ∈ X, S(x) is closed; and
(2) for eachTN ∈ hXi, F (co N ) ⊂ S(N ).
Then F (X) ∩ {S(x) | x ∈ X} 6= ∅.
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Later this KKM theorem was applied to a minimax inequality related
to admissible multimaps, from which we deduced generalized versions
of lopsided saddle point theorems, fixed point theorems, existence of
maximizable linear functionals, the Walras excess demand theorem, and
the Gale-Nikaido-Debreu theorem.
Example. For a G-convex space (X, D; Γ) and any space Y , an admissible class Aκc (X, Y ) is a subclass of B(X, Y ). There are maps in B not
belonging to Aκc , for example, the connectivity map due to Nash and
Girolo; see [P1998].
Recall that a nonempty subset X of a t.v.s. E is said to be admissible
(in the sense of Klee) provided that, for every nonempty compact subset
K of X and every 0-neighborhood V ∈ V, there exists a continuous
function h : K → X such that x − h(x) ∈ V for all x ∈ K and h(K) is
contained in a finite dimensional subspace L of E.
In 1998, we obtained the following [P1998, Theorem 10.1]:
Theorem 4.3. Let E be a Hausdorff t.v.s. and X an admissible (in
the sense of Klee) convex subset of E. Then any compact closed map
F ∈ B(X, X) has a fixed point.
In [P1998], it was shown that Theorem 5.3 subsumes more than sixty
known or possible particular cases and generalizes them in terms of the
involving spaces and multimaps as well. Later, further examples of maps
in the class B were known.
It is not known whether the admissibility of X can be eliminated in
Theorem 5.3. However, Theorem 5.3 can be generalized by switching the
admissibility of domain of the map to the Klee approximability of its
ranges as follows:
Let X be a subset of a t.v.s. E. A compact subset K of X is said to
be Klee approximable into X if for any V ∈ V, there exists a continuous
function h : K → X such that x − h(x) ∈ V for all x ∈ K and h(K) is
contained in a polytope in X.
In [P2004], Theorem 4.3 is generalized as follows:
Theorem 4.4. Let X be a subset of a Hausdorff t.v.s. E and F ∈
B(X, X) a compact closed multimap. If F (X) is Klee approximable into
X, then F has a fixed point.
Corollary 4.5. Let X be an almost convex admissible subset of a Hausdorff t.v.s. E and F ∈ B(X, X) a compact closed map. Then F has a
fixed point.
Corollary 4.6. Let X be an almost convex subset of a locally convex
11
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Hausdorff t.v.s. E and F ∈ B(X, X) a compact closed map. Then F has
a fixed point.
For example, every compact continuous selfmap on an almost convex subset in a Euclidean space has a fixed point. This generalizes the
Brouwer fixed point theorem.
Moreover, since the class B(X, X) contains a large number of special
types of multimap classes, we can apply Theorem 5.4 to them. For example, since any Kakutani map belongs to B, Theorem 4.4 and Corollaries
4.5 and 4.6 can be applied to them.
4.3. The KKM admissible classes KC, KO
The following is known [P2008, Lemma 6]:
Proposition 4.7. Let (E, D; Γ) be a G-convex space and Z a topological
space. Then
(1) C(E, Z) ⊂ Aκc (E, Z) ⊂ B(E, Z);
(2) C(E, Z) ⊂ KC(E, Z) ∩ KO(E, Z); and
(3) Aκc (E, Z) ⊂ KC(E, Z) ∩ KO(E, Z) if Z is Hausdorff.
Consider the following condition for a G-convex space (E ⊃ D; Γ):
(∗) Γ{x} = {x} for each x ∈ D.
Theorem 4.8. Let (E, D; Γ) be a G-convex space and Z a topological
space.
(1) If Z is a Hausdorff space, then every compact map F ∈ B(E, Z)
belongs to KC(E, Z).
(2) If F : E ( Z is a closed map such that F φN ∈ KC(∆n , Z) for
any N ∈ hDi with the cardinality |N | = n + 1, then F ∈ B(E, Z).
(3) In the class of closed maps defined on a G-convex space (E ⊃ D; Γ)
satisfying condition (∗) into a space Z, a map F ∈ KC(E, Z) belongs to
B(E, Z).
Remark. In (2), note that for any map F ∈ Aκc (E, Z), we have F φN ∈
Aκc (∆n , Z) ⊂ KC(∆n , Z) ∩ KO(∆n , Z) when Z is Hausdorff; see Kim and
Park [2005].
In [P2004], it was shown that a compact closed s-KKM map from a
convex subset of a t.v.s. into itself belongs to B whenever s : I → X is
a surjection.
Corollary 4.9. Let X be a subset of a Hausdorff t.v.s., I a nonempty set,
s : I → X a map such that co s(I) ⊂ X, and Y a Hausdorff space. Then,
in the class of closed compact maps, four classes KC(X, Y ), KKM(X, Y ),
s-KKM(I, X, Y ), and B(X, Y ) coincide.
12
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In view of Corollary 4.9, all fixed point theorems on s-KKM maps on
a Hausdorff t.v.s. are consequences of corresponding ones on B-maps.
Moreover, if F : X → Y is a continuous single-valued map or if
F : X ( Y has a continuous selection, then it is easy to check that
F ∈ KC(X, Y ) ∩ KO(X, Y ). Note that there are many known selection
theorems due to Michael and others; see [P2011a].
For convex subsets of a t.v.s., from the KKM principle, we had the
following almost fixed point theorems for the classes KC and KO [P2003]:
Theorem 4.10. Let X be a convex subset of a t.v.s. E and F ∈
KC(X, X) such that F (X) is totally bounded. Then for any convex neighborhood V of 0 in E, there exists an x∗ ∈ X such that F (x∗ )∩(x∗ +V ) 6=
∅.
Theorem 4.11. Let X be a totally bounded convex subset of a t.v.s. E
and F ∈ KO(X, X). Then for each closed convex neighborhood V of 0
in E, there exists an x∗ ∈ X such that F (x∗ ) ∩ (x∗ + V ) 6= ∅.
Note that E is not necessarily Hausdorff in Theorems 4.10 and 5.11.
From Theorem 4.9, we immediately have the following with a routine
proof:
Corollary 4.12. Let X be a convex subset of a locally convex Hausdorff
t.v.s. E. Then any compact closed map F ∈ KC(X, X) has a fixed point.

5. A metatheorem on KKM spaces
In our recent works in 2008-10, we studied elements or foundations of
the KKM theory on abstract convex spaces and noticed there that many
important results therein are related to KKM spaces.
In the KKM theory, it is routine to reformulate the KKM principle
to the following equivalent forms in 2008-10:
Fan type matching property
Another intersection property
Geometric or section properties
Fan-Browder type fixed point property
Existence theorem of maximal elements
Analytic formulations, analytic alternative
Minimax inequality, and others

Any of these characterizes KKM spaces and partial KKM spaces; see
our works in 2008-10. For example, the Fan-Browder type theorem is
used for the following:
13
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Theorem 5.1. An abstract convex space (X, D; Γ) is a KKM space iff
for any maps S : D ( X, T : X ( X satisfying
(1) S(z) is open [resp., closed ] for each z ∈ D;
−
−
(2) for each
S y ∈ X, coΓ S (y) ⊂ T (y); and
(3) X = z∈M S(z) for some M ∈ hDi,
T has a fixed point x0 ∈ X; that is x0 ∈ T (x0 ).
Moreover, from the partial KKM principle we have a whole intersection property of the Fan type. From this, we can deduce the following
particular case of Theorem C:
Theorem 5.2. Let (X, D; Γ) be a partial KKM space, K a nonempty
compact
T subset of X,Tand G : D ( X a map such that
(1) z∈D G(z) = z∈D G(z) [that is, G is transfer closed-valued ];
(2) G is a KKM map; and
(3) either
T
(i) {G(z) | z ∈ M } ⊂ K for some M ∈ hDi; or
(ii) for each N ∈ hDi, there exists a compact Γ-convex subset LN
of X relative to some D0 ⊂ D such that N ⊂ D0 and
LN ∩
Then K ∩

T

\
{G(z) | z ∈ D0 } ⊂ K.

{G(z) | z ∈ D} 6= ∅.

From this theorem we can deduce its equivalent formulations of the
following forms for partial KKM spaces:
Theorems of Sperner and Alexandroff-Pasynkoff
Fan type matching theorem
Tarafdar type intersection theorem
Geometric or section properties
Fan-Browder type fixed point theorems
Maximal element theorems
Analytic alternatives
Fan type minimax inequalities
Variational inequalities
Horvath type fixed point theorem
Browder type coincidence theorem
von Neumann type minimax theorem
Nash type equilibrium theorem
Analytic alternatives (a basis of various equilibrium problems)

14
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Fan type minimax inequalities
Variational inequalities, and others

Further applications of our theory on partial KKM spaces are given
as follows in 2009-2010]:
Best approximations (under certain restrictions)
von Neumann type minimax theorem
von Neumann type intersection theorem
Nash type equilibrium theorem
Himmelberg fixed point theorem for KKM spaces
Weakly KKM maps

Consequently, we have the following as is suggested by [P2009]:
Metatheorem. For any partial KKM space, all theorems mentioned in
this section hold.

6. Known examples of KKM spaces
6.1. Convex spaces
Definition. Let X be a subset of a vector space and D a nonempty
subset of X. We call (X, D) a convex space if co D ⊂ X and X has
a topology that induces the Euclidean topology on the convex hulls of
any N ∈ hDi; see Park [1990]. Note that (X, D) can be represented by
(X, D; Γ) where Γ : hDi → X is the convex hull operator.
If X = D is convex, then X = (X, X) becomes a convex space in the
sense of Lassonde [1983].
Every nonempty convex subset X of a topological vector space is
a convex space with respect to any nonempty subset D of X, and the
converse is known to be not true.
Example. (1) The original KKM theorem [1929] is for a triple (∆n ⊃
V ; co), where V is the set of vertices of an n-simplex ∆n and co : hV i (
∆n is the convex hull operator. This triple can be regarded as (∆n , N ; Γ),
where N := {0, 1, . . . , n} and ΓA := co{ei : i ∈ A} for each A ⊂ N .
(2) Fan’s celebrated KKM lemma [1961] is for (E ⊃ D; co), where D
is a nonempty subset of a t.v.s. E. He assumed the superfluous Hausdorffness of E.
The above examples are origins our G-convex spaces (X, D; Γ). It
should be noted that many authors’ KKM type theorems for a pair (X; Γ)
can not generalize the original KKM theorem or Fan’s KKM lemma.
15
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(3) A convexity space (E, C) in the classical sense consists of a nonempty set E and a family C of subsets of E such that E itself belongs to
C and any intersection of a subfamily of C also belongs to C. See Sortan
(1984); where 283 references appear.
6.2. H-spaces
Definition. A triple (X, D; Γ) is called an H-space by Park in 1992 if X
is a topological space, D a nonempty subset of X, and Γ = {ΓA } a family
of contractible (or, more generally, ω-connected) subsets of X indexed
by A ∈ hDi such that ΓA ⊂ ΓB whenever A ⊂ B ∈ hDi.
If D = X, we denote (X; Γ) instead of (X, X; Γ), which is called
a c-space by Horvath [1991] or an H-space by Bardaro and Ceppitelli
[1988].
Example. Any convex space X due to Lassond is an H-space (X; Γ) by
putting ΓA = co A, the convex hull of A ∈ hXi. Similarly, our convex
spaces (X, D; Γ) becomes H-spaces.
Other examples of (X; Γ) are any pseudo-convex space of Horvath
[1983], any homeomorphic image of a convex space, any contractible
space, and so on; see Bardaro and Ceppitelli [1988] and Horvath [1991].
Horvath noted that
a torus, the Möbius band, or the Klein bottle
can be regarded as c-spaces, and are examples of compact H-spaces without having the fixed point property. Every n-simplex ∆n is an H-space
(∆n , D; Γ), where D is the set of vertices and ΓA =co A for A ∈ hDi.
6.3. G-convex spaces
Definition. A generalized convex space or a G-convex space (X, D; Γ)
consists of a topological space X, a nonempty set D, and a map Γ :
hDi ( X such that for each A ∈ hDi with the cardinality |A| = n + 1,
there exists a continuous function φA : ∆n → Γ(A) such that J ∈ hAi
implies φA (∆J ) ⊂ Γ(J).
Here, ∆n = co{ei }ni=0 denotes the standard n-simplex, and ∆J the
face of ∆n corresponding to J ∈ hAi; that is, if A = {a0 , a1 , · · · , an }
and J = {ai0 , ai1 , · · · , aik } ⊂ A, then ∆J = co{ei0 , ei1 , · · · , eik }. We may
write ΓA = Γ(A) for each A ∈ hDi and (X, Γ) = (X, X; Γ).
There are a lot of examples of G-convex spaces.
Example. (1) If X = D is a convex subset of a vector space and each
ΓA is the convex hull of A ∈ hXi equipped with the Euclidean topology,
then (X, Γ) becomes a convex space due to Lassonde [1983].
16
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(2) If X = D and ΓA is assumed to be contractible or, more generally,
infinitely connected (that is, n-connected for all n ≥ 0) and if for each
A, B ∈ hXi, A ⊂ B inplies ΓA ⊂ ΓB , than (X, Γ) becomes a c-space (or
an H-space) due to Horvath [1991].
(3) For other major examples of G-convex spaces are metric spaces
with Michael’s convex structure, Pasicki’s S-contractible spaces, Horvath’s pseudoconvex spaces, Komiya’s convex spaces, Bielawski’s simplicial convexities, Joo’s pseudoconvex spaces, and so on. For the literature,
see Park and Kim [1993,1996]. Later, we found a number of new examples of G-convex spaces; see [P1999]. Especially, any continuous image
of a G-convex space is a G-convex space; and any almost convex subset
of a t.v.s. (see Himmelberg [1972]) is a G-convex space.
(4) Later examples of G-convex spaces were given as follows: Lspaces and B 0 -simplicial convexity of Ben-El-Mechaiekh et al., Verma’s or
Stachó’s generalized H-spaces, Kulpa’s simplicial structures, P1,1 -spaces
of Forgo and Joó, mc-spaces of Llinares, hyperconvex metric spaces due to
Aronszajn and Panitchpakdi, and Takahashi’s convexity in metric spaces.
Remark. (1) G-convex spaces are actually same to the so-called φA spaces in the next section, and these are all KKM spaces.
(2) Most of the families of G-convex spaces mentioned above have
some concrete examples. Some of relatively new ones will be shown in
Section 6.
(3) In our previous work [P2008], we introduced basic results in the
KKM theory of abstract convex spaces and KKM maps. Such results are
applied to several variants of the concepts of G-convex spaces and KKM
type maps. We studied the nature of such variants and criticized other
authors’ later ’generalizations’ of our previous results.
6.4. φA -spaces
Since the appearance of G-convex spaces in 1993, many authors have
tried to imitate, modify, or generalize the concept and published a large
number of papers. In fact, there have appeared authors who introduced
spaces of the form (X, {ϕA }) having a family {ϕA } of continuous functions defined on simplices. Such example are L-spaces due to Ben-ElMechaiekh et al., spaces having property (H) due to Huang, FC-spaces
due to Ding, convexity structures satisfying the H-condition by Xiang
et al., M-spaces and L-spaces due to González et al., and others. Some
authors claimed that such spaces generalize G-convex spaces without
giving any justifications or proper examples. Some authors also tried to
17
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generalize the KKM principle for their own settings. They introduced
various types of generalized KKM maps; for example, generalized KKM
maps on L-spaces, generalized R-KKM maps, and many other artificial
terminology.
Some of them tried to rewrite certain results on G-convex spaces
by simply replacing Γ(A) by ϕA (∆n ) everywhere and claimed to obtain
generalizations without giving any justifications or proper examples. In
2007, we found that most of such spaces are subsumed in the concept
of φA -spaces (X, D; {φA }A∈hDi . Since then, the spaces became one of the
main theme of the KKM theory; see our works in 2007 and 2008.
By putting ΓA := φA (∆n ), any φA -space becomes an abstract convex
space, and it is a KKM space.
Note that, when X = D, a φA -space is called an FC-space by Ding
(2005) or a simplicial space by Kulpa and Szymanski (2008). Later, a
φA -space is called a GFC-space by Khanh et al. (2009, 2010).
Some known facts on φA -spaces can be seen our works in 2007-16.
6.5. Known examples of KKM spaces
In our forthcoming work [2009], we listed known examples of KKM
spaces as follows;
(1) Hyperconvex metric spaces of Aronszajn and Panitchpakdi (1956)
(2) Hyperbolic spaces — Kirk (1982), Reich and Shafrir (1990)
(3) Transfer FS convex map — Tian (1993) — KKM map
(4) Topological semilattices — Horvath and Llinares-Ciscar (1996)
(5) Hyperconvex metric spaces — Khamsi (1996)
(6) E-convex spaces — Youness (1999)
(7) Bayoumi’s KKM spaces — Bayoumi (2003)
(8) Γ-convex spaces — Zafarani (2004)
(9) R-tree — Kirk and Panyanak (2007)
(10) Horvath’s convex space — Horvath (2008)
(11) B-spaces — Briec and Horvath (2008)
(12) Connected linearly ordered spaces — Park (2007, 2008)
(13) Extended long line L∗ — Park (2008)
(14) R-KKM spaces — Sankar Raj and Somasundaram (2012)
(15) KKM spaces of Chaipunya-Kumam — Chaipunya and Kumam
(2015)
For more details, see our forthcoming work [2019]. The readers are
encouraged to try to find new examples of partial KKM spaces or KKM
spaces.
18
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7. Some typical theorems
In this section, we introduce our abstract space versions of the following
well-known results:
von Neumann minimax theorem [1928]
von Neumann intersection lemma [1937]
Nash equilibrium theorem [1951]
Himmelberg fixed point theorem [1972]
For a family of abstract convex spaces, their cartesian product can
be made into an abstract convex space; see [P2008,2010].
Theorem 7.1. (Generalized von Neumann-Sion minimax theorem) Let
(X; Γ1 ) and (Y ; Γ2 ) be compact abstract convex spaces, (E; Γ) := (X ×
Y ; ΓX×Y ) the product abstract convex space, and f, g : X × Y → R ∪
{+∞} be functions satisfying
(1.1) f (x, y) ≤ g(x, y) for each (x, y) ∈ X × Y ;
(1.2) for each x ∈ X, f (x, ·) is l.s.c. and g(x, ·) is quasiconvex on Y ;
(1.3) for each y ∈ Y, f (·, y) is quasiconcave and g(·, y) is u.s.c. on X.
If (E; Γ) is a partial KKM space, then we have
min sup f (x, y) ≤ max inf g(x, y).
y∈Y x∈X

x∈X y∈Y

Q
Q
Given a cartesian product X = ni=1 Xi of sets, let X i = j6=i Xj
and πi : X → Xi , π i : X → X i be the projections; we write πi (x) = xi
and π i (x) = xi . Given x, y ∈ X, we let
[xi , yi ] := (x1 , . . . , xi−1 , yi , xi+1 , . . . , xn ).
Theorem 7.2. (Generalized von Neumann-Fan intersection theorem)
Let {(Xi ; Γi )}ni=1 be a family Q
of compact abstract convex spaces such
that their product (X; Γ) = ( ni=1 Xi ; Γ) is a partial KKM space and,
for each i, let Ai and Bi are subsets of X satisfying the following:
(2.1) for each y ∈ X, Bi (y) := {x ∈ X | [xi , yi ] ∈ Bi } is open; and
(2.2) for each x ∈ X,
∅ 6= coΓ Bi (x) ⊂ Ai (x) := {y ∈ X | [xi , yi ] ∈ Ai }.
T
Then we have ni=1 Ai 6= ∅.
Theorem 7.3. (Generalized Nash-Fan equilibrium theorem) Let {(Xi ; Γi )}ni=1
be a finite family
Qof compact abstract convex spaces such that their product (X; Γ) = ( ni=1 Xi ; Γ) is a partial KKM space and, for each i, let
fi , gi : X = X i × Xi → R be real functions such that
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(3.1) gi (x) ≤ fi (x) for each x ∈ X;
(3.2) for each xi ∈ X i , xi 7→ fi [xi , xi ] is quasiconcave on Xi ;
(3.3) for each xi ∈ X i , xi 7→ gi [xi , xi ] is u.s.c. on Xi ; and
(3.4) for each xi ∈ Xi , xi 7→ gi [xi , xi ] is l.s.c. on X i .
Then there exists a point x̂ ∈ X such that
fi (x̂) ≥ max gi [x̂i , yi ] for all i.
yi ∈Xi

Definition. A KKM uniform space (E, D; Γ; U), where U is a basis of a
Hausdorff uniformity of E, is called an LΓ-space if D is dense in E and,
for each U ∈ U, the U -neighborhood
U [A] := {x ∈ E | A ∩ U [x] 6= ∅}
around a given Γ-convex subset A ⊂ E is Γ-convex.
Theorem 7.4. (Generalized Himmelberg fixed point theorem) Let
(X, D; Γ; U) be an LΓ-space and T : X ( X a compact u.s.c. map with
closed Γ-convex values. Then T has a fixed point x0 ∈ X.
Particular forms of Theorem 7.4 were obtained by Kakutani, Himmelberg, Horvath, and Park. Recall that the Himmelberg theorem unifies and generalizes historically well-known fixed point theorems due to
Brouwer, Schauder, Tychonoff, Kakutani, Bohnenblust and Karlin, Fan,
Glicksberg, Hukuhara, Rhee, and others.
Note that Theorems 7.1-7.4 generalize many results given for particular types of KKM spaces or partial KKM spaces.
Finally, recall that there are several hundred published works on the
KKM theory and we can cover only an essential part of it. For the more
historical background for the related fixed point theory, the reader can
consult with [P1998,2011b] and references therein. For more details on
the results in this paper, see the references below and the literature
therein. Moreover, early fixed point theorems related to the KKM theory
were applied to the following problems in the author’s works in 1991-2007
(see [P1998,2011b] and MATHSCINET):
Best approximations, variational inequalities, quasi-variational
inequalities, the Leray-Schauder type alternatives, existence
of maximal elements, minimax inequalities, the Walras excess demand theorems, generalized equilibrium problems,
generalized complementarity problems, condensing maps,
20
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openness of multimaps, the Birkhoff-Kellogg type theorems,
saddle points in nonconvex sets, acyclic or other versions of
the Nash equilibrium theorems, quasi-equilibrium theorems,
extensions of monotone sets, eigenvector problems, various
fixed point theorems, the KKM theory, and others.

8. Applications of convex-valued KKM maps
8.1. Introduction
This section concerns with applications of convex-valued KKM maps
as shown in the works of Granas and Lassonde [1991,1995] (which are abbreviated as [GL1991] and [GL1995], resp.). We obtain abstract versions
of basic results of them and introduce applications of some elementary
principles of convex analysis given there. Consequently, many of known
results in the traditional convex analysis now belong to the KKM theory.
Recall that [GL1991] presented a new geometric approach in the theory of minimax inequalities, which has numerous applications in different
areas of mathematics. Actually they are based on a particular form of the
well-known KKM lemma due to Ky Fan [1961]. Their proof of the form
is very simple and depends only on the geometric structure induced by
convexity. Many applications to known results are systemically given on
systems of inequalities, variational inequalities, minimax equalities, theorems of Markhoff-Kakutani, Mazur-Orlicz and Hahn-Banach, variational
problems, maximal monotone operators, and others in convex analysis.
Moreover, [GL1995] complements and elucidates the preceding approach within the context of complete metric spaces. Their aim of
[GL1995] is to provide simple proofs of several known results, stated in
super-reflexive Banach spaces, concerning minimization of quasi-convex
functions, variational inequalities, game theory, systems of inequalities,
and maximal monotone operators, by using their intersection principle
which is elementary.
Recently, the present author has tried to give overviews on currently
developing KKM theory of abstract convex spaces in [P2010, 2018c].
Moreover, we studied the contributions of Granas to the KKM theory in
[P2018a], where we introduced the contents of most of works of Granas
and his coworkers on the KKM theory and gave some comments to compare them with current results in the theory. Motivated by such works,
we found that, as their supplements, the contents of [GL1991,1995] seem
to be essential and worth to be examined.
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This section is organized as follows: In Subsection 8.2, basic results of
[GL1991] are extended to our abstract convex spaces. Subsection 8.3 devotes to introduce the applications of the geometric principle in [GL1991].
In Subsection 8.4, basic results of [GL1995] are compared with corresponding results in our abstract convex space theory. Subsection 8.5 devotes to introduce the applications of elementary general principles in
[GL1995]. Finally, in Subsection 8.6, we add-up the contents of a recent
work of Ben-El-Mechaiekh [2015].
8.2. Abstractions of basic results in [GL1991]
Recall that each of two articles of [GL1991,1995] consists of basic
results and their applications. In this section, we present some abstract
space versions of basic results mainly given in [GL1991].
The paper [GL1991] concerns with many known applications of the
convex-valued KKM maps. The main result (called the “geometric principle”) is as follows: Let E be a t.v.s., let ∅ 6= D ⊂ E, and let G : D ( E
be a multimap satisfying (1) G(x) is a closed
convex set for all x ∈ D, and
S
(2) the convex hull of A is contained in {G(x) | x ∈ A} for all finite subsets A of D (that is, G is a KKM map); then the family {G(x) | x ∈ D}
has the finite intersection property.
Note that the proof of Ky Fan’s 1961 KKM lemma contains the geometric principle without assuming convexity of G(x) for all x ∈ D based
on the original KKM theorem [1929]. Since the authors’ (E, D; co) is a
particular partial KKM space, it satisfies a large number of equivalent
results in [P2010]. Some of them appear in [GL1991] in particular forms.
In fact, the geometric principle in [GL1991] is a particular form of
the following:
The KKM principle. ([P2010]) For an abstract convex space (E, D; Γ),
any closed-valued [resp. open-valued] KKM map G : D ( E, the family
{G(z)}z∈D has the finite intersection property.
The closed-valued case is called the partial KKM principle; and any
abstract convex space satisfying the (partial) KKM principle is called a
(partial) KKM space, resp.
For an abstract convex space (E, D; Γ), at first we did not assumed
any topology on E. Under such circumstance, we define
Definition. For (E ⊃ D; Γ), a map G : D ( E is said to be strongly
KKM provided (i) x ∈ G(x) for each x ∈ D, and (ii) the cofibers G∗ (y) :=
D \ G− (y), y ∈ E, of G are convex.
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Proposition 8.1. In (E ⊃ D; Γ), if D is Γ-convex and G : D ( E is
strongly KKM, then G is a KKM map.
Proof. Let A ∈ hDi and y0 ∈ ΓA . We have to show that y0 ∈ G(A).
Since y0 ∈ G(y0 ), we see that y0 ∈
/ G∗ (y0 ) and therefore ΓA is not contained in G∗ (y0 ). Since the set G∗ (y0 ) is Γ-convex, at least one point
x ∈ A does not belong to G∗ (y0 ), which means that y0 ∈ G(x). 
When E is a vector space, Proposition 8.1 reduces to [GL1995, Proposition 4.2], where examples of three strongly KKM maps and one KKM
map were given.
Corollary 8.2. Let (X; Γ) be a compact partial KKM space and F, G :
X ( X two multimap satisfying
(i) F (x) ⊂ G(x) for each x ∈ X,
(ii) G has closed values,
(iii) F has Γ-convex cofibers. T
If x ∈ F (x) for each x ∈ X, then {G(x) | x ∈ X} 6= ∅.
Proof. Since x ∈ F (x) for each x ∈ X, by Proposition 8.1, F is a KKM
map and so is G by (i). Since (X; Γ) is a compact partial KKM space,
the conclusion follows immediately. 
Note that Corollary 8.2 reduces to [GL1991, Corollaire 1.1] when X
is a nonempty compact convex subset of a t.v.s.
The following is a particular form of [P2010, (XXIV)]:
Theorem 8.3. (The Fan type analytic alternative) Let (X; Γ) be a compact partial KKM space and f, g : X × X → R be real functions such
that
(i) g(x, y) ≤ f (x, y) for each x, y ∈ X,
(ii) g is l.s.c. on each y [that is, {x ∈ X | g(x, y) ≤ 0} is closed in X].
(iii) f is quasi-concave on each x [that is, {y ∈ X | g(x, y) > 0} is
Γ-convex in X].
Then either
(a) there exists y0 ∈ X such that g(x, y0 ) ≤ 0 for all x ∈ X; or
(b) there exists x0 ∈ X such that f (x0 , x0 ) > 0.
Proof. Consider multimaps F : x 7→ {y ∈ X | f (x, y) ≤ 0} and
G : x 7→ {y ∈ X | g(x, y) ≤ 0} from X to X. From the hypotheses, all
the conditions of Corollary 8.2 are satisfied. Hence, if x ∈ F (x) for every
23
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x ∈ X, there exists y0 ∈ X such that y0 ∈ G(x) for all x ∈ C, and hence
(a) holds; otherwise, if there exists x0 ∈ X such that x0 ∈
/ F (x0 ), then
the case (b) holds. .
Note that Theorem 8.3 reduces to [GL1991, Theorem 2] when X is
a nonempty compact convex subset of a t.v.s. Moreover, three results
given in this section are “mutually equivalent”:
In fact, in the above proofs, we have seen:
The partial KKM principle =⇒ Corollary 8.2. and
Corollary 8.2 =⇒ Theorem 8.3.
Moreover, we can show
Theorem 3.3 =⇒ Corollary 8.2. We take f and g are functions indicating the graphs of F and G, resp.
Corollary 8.2 =⇒ The partial KKM principle for the case D ⊂ E.
If G : D ( E is a KKM map and A is a finite subset of D, by letting
G(x) := E when x ∈ ΓA \ D, we can construct an F : ΓA ( ΓA having
convex cofibers and satisfying x ∈ F (x) ⊂ G(x) for every x ∈ ΓA .
In [P2010], we gave a large number of equivalent formulations of the
(partial) KKM principle. Recall that [P2010] contains incorrect statements such as (V), (VI), Theorem 4, (XVI), and (XVII). These can be
easily corrected; see [P2014].
In [GL1991], it is noted that the geometric principle is given by
Valentine (1964) and Asakawa (1986), and the geometric lemma in
[GL1991](which is a basis of the geometric principle) is a reformulation
of a lemma of Klee (1951).
Abstract forms of many equivalent forms of these statements also can
be established as in [P2010].
8.3. Applications of the geometric principle
In [GL1991], it is shown that many known results can be proved by
the aid of the geometric principle. Therefore, those results are contained
in the realm of the KKM theory. Actually they listed as follows (The
numbers attached to Theorems and Corollaries are same to the ones in
[GL1991]):
8.3.1. Systems of inequalities
Theorem 3. [M. Neumann 1977]
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Corollary 3.1. [Fan-Glicksberg-Hoffman 1957]
Theorem 4. (Generalization of [Fan 1957])
Corollary 4.1. [Bohnenblust-Karlin-Shapley 1950, Fan 1957]
8.3.2. Minimax equalities
Theorem 5. [König 1968]
Theorem 6. (Reformulation)
Corollary 6.1. [Kneser 1952, Fan 1953]
It is also noted that minimax theorems of Nikaido (1954) and Sion
(1958) can be equally obtained by the geometric principle.
8.3.3. Markov-Kakutani Theorem
In this subsection, E stands for a t.v.s. having sufficiently many continuous linear functionals.
Theorem 7. (A fixed point theorem)
Theorem 8. [Markov-Kakutani]
8.3.4. Theorems of Mazur-Orlicz and Hahn-Banach
Theorem 9. [Mazur-Orlicz]
Corollary 9.1.
Theorem 10. [Hahn-Banach]
8.3.5. Variational Problems
Theorem 11. [Mazur-Schauder]
Theorem 12. [Stampacchia]
Theorem 13. [Hartmann-Stampacchia]
Corollary 13.1. [Browder-Minty]
Corollary 13.2. [Browder-Göhde-Kirk] Hilbert space case.
8.3.6. Maximal Monotone Multivalued Operators
Theorem 14. (Particular case of [Debrunner-Flor 1964])
Corollary 14.1. [Minty]
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Corollary 14.2. [Minty]
8.4. Abstractions of basic results in [1995]
The aim of [GL1995] is to provide simple proofs of several results,
stated in super-reflexive Banach spaces, concerning minimization of
quasi-convex functions, variational inequalities, game theory, systems
of inequalities, and maximal monotone operators, by using the following “intersection principle”: Let (E, || · ||) be super-reflexive and let
{Ci | i ∈ I} be a family of closed convex sets in E with the finite intersection
property. If Ci0 is bounded for some i0 ∈ I, then the intersection
T
{Ci | i ∈ I} is not empty. As the authors point out, most of the results
are valid for arbitrary reflexive spaces.
From [GL1995], recall that a Banach space (E, || · ||) is uniformly
convex provided its norm ||·|| has the following property: If (xn ), (yn ) are
sequences in E such that the three sequences ||xn ||, ||yn ||, and 21 ||xn +yn ||
converge to 1, then ||xn − yn || → 0. Recall that any Hilbert space is
uniformly convex.
A Banach space (E, || · ||) is called super-reflexive provided it admits
an equivalent uniformly convex norm. In weak topology, closed convex
bounded subsets of a super-reflexive Banach spaces are compact.
Lemma 8.4. ([GL1995]) Let (E, || · ||) be super-reflexive and (Cn ) be
a decreasing sequence of nonempty closed convex subsets of E. Suppose
that
T d = supn d(0, Cn ) is finite. Then there exists a unique point x̄ ∈
n Cn and ||x̄|| = d.
Theorem 8.5. (Intersection Principle [GL1995]) Let (E, || · ||) be superreflexive and {Ci | i ∈ I} be a family of closed convex sets in E with the
finite intersection
property. If Ci0 is bounded for some i0 ∈ I, then the
T
intersection {Ci | i ∈ I} is not empty.
In [GL1995], this has an elegant proof using Lemma 8.4, but, by
switching to the weak topology, this is clear since Ci0 becomes compact.
Lemma 8.6. Let E be a t.v.s., X be a nonempty subset of E, and G :
X ( E be a closed valued KKM map. Then the {G(x)}x∈X has the finite
intersection property.
This simply tells that (E, X; co) is a partial KKM space and was first
proved by Ky Fan in the proof of his 1961 KKM lemma based on the
original KKM theorem [1929].
In [GL95, Theorem 5.1], Lemma 8.6 was proved for a super-reflexive
Banach space E and for a KKM map with closed convex values in a
26
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elegant method.
From Theorem C in Section 3, we have the following immediately by
considering the weak topology on E:
Theorem 8.7. (Elementary Principle of KKM maps [GL1995]) Let E
be super-reflexive, X be a nonempty subset of E and G : X ( E be a
KKM map with convex closed values. Assume, furthermore, that one of
the following conditions is satisfied:
(i) X is bounded,
(ii) all G(x) are bounded,
(iii) G(x0 ) is bounded
T for some x0 ∈ X.
Then the intersection {G(x) | x ∈ X} is not empty.
8.5. Applications of elementary principles
In [GL1995], the elementary principle is applied to obtain the following many known results (The numbers attached to Theorems and
Corollaries are same to the ones in [GL1995]):
8.5.1. Minimization of quasiconvex functions
Theorem 3.1. Existence of minimum.
Theorem 3.2. Specialized to quadratic forms in Hilbert spaces.
Corollary 3.3. F. Riesz representation theorem
Corollary 3.4. Projection on closed convex sets
Corollary 3.5. Separation of closed convex sets
8.5.2. Variational inequalities
Theorem 6.1. [Stampacchia]
Corollary 6.2. [Lax-Milgram] A generalization of Riesz representation
theorem.
Theorem 6.3. [Hartman-Stampacchia] A generalization of theorems of
Stampacchia and Lax-Milgram.
Corollary 6.4. [Minty-Browder]
Corollary 6.5. [Browder-Göhde-Kirk] For nonexpansive maps on Hilbert
space.
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8.5.3. Minimax theorem of von Neumann
Theorem 7.1. [von Neumann] This is for two super-reflexive spaces. For
partial KKM spaces, a general form is given in [P2010, (XXVI)].
8.5.4. Systems of inequalities
Theorem 8.1. Existence of common solutions of a system of inequalities
on a super-reflexive space.
Theorem 8.2. A variant for Ky Fan type family of functions.
Theorem 8.3. A minimax theorem which is a consequence of Theorem
8.2.
Corollary 8.4. [Kneser-Fan] A minimax equality.
8.5.5. Maximal monotone operators
Theorem 9.1. A basic result in the theory of maximal monotone operators
in a Hilbert space H.
Corollary 9.2. [Minty] Surjectivity of a maximal monotone operator with
bounded domain.
Corollary 9.3. [Minty] If T : H → H is maximal monotone, then 1H + T
is onto.
8.6. Add-up of Ben-El-Mechaiekh in 2015
Recently Ben-El-Mechaiekh [2015] published a related article to [1995]
as follows:
Abstract : A number of landmark existence theorems of nonlinear
functional analysis follow in a simple and direct way from the basic separation of convex closed sets in finite dimension via elementary versions
of the Knaster-Kuratowski-Mazurkiewicz principle - which we extend to
arbitrary topological vector spaces - and a coincidence property for socalled von Neumann relations. The method avoids the use of deeper
results of topological essence such as the Brouwer fixed point theorem
or the Sperner’s lemma and underlines the crucial role played by convexity. It turns out that the convex KKM principle is equivalent to the
Hahn-Banach theorem, the Markov-Kakutani fixed point theorem, and
the Sion-von Neumann minimax principle.
Comments: Note that the convex KKM principle is the the geometric principle in [GL1991]. This principe can be generalized to abstract
convex spaces as follows:
28

A panoramic view of the KKM theory on abstract convex spaces

29

Consider the case E = Z and F = idE in Theorem C in Section 3.
Then we have the following conclusion:
T
(α) if G is Γ-convex transfer closed-valued, then K ∩ {G(y) | y ∈
D} 6= ∅; and
T
(β) if G is Γ-convex intersectionally closed-valued, then {G(y) | y ∈
D} 6= ∅.
Then the conclusion generalizes the geometric principle of [GL1991]
and the convex KKM theorem (Theorem 6) of Ben-El-Mechaiekh [2015].

9. Applications to the Hahn-Banach theorem
9.1. Introduction
The Hahn-Banach theorem originated from Hahn [1926] and Banach
[1929] is of basic importance in the analysis of problems concerning the
existence of continuous linear functionals. Later there have been appeared a large number of articles on the Hahn-Banach theorem related
to its generalization, variants, proofs, and applications; see MathSciNet
and Google Scholar.
Edwards [1974] showed that a number of variational inequalities that
had hitherto been proved by using the Brouwer fixed point theorem or the
KKM theorem can in fact be deduced more simply from the Hahn-Banach
theorem. Motivated by this fact, Simons in 1978-2008 studied various
results of the Hahn-Banach type or the Brouwer type (equivalently, the
KKM type). He actually obtained the Hahn-Banach type proofs of some
KKM type theorems. In addition, some authors claim that even the
Hahn-Banach theorem is of the Brouwer type or the KKM type; for
example, see Hirano, Komiya, and Takahashi [1982], and Granas and
Lassonde [GL1991,GL1993].
Moreover, in our previous article [P2018d], we showed that the distinction between the Hahn-Banach type and the KKM type is not strict,
and that actually the two types are same in a broad sense. Based on
the article, we recollect some history of the study on the relation, and
conclude that all consequences and applications of the Hahn-Banach theorem belong to the realm of the KKM theory.
Actually the present section is a supplement to our previous [P2018d],
where the reader can find the literature for this section.
9.2. The Hahn-Banach theorem
It begins with dominated extension theorems proved by H. Hahn
[1927] and S. Banach [1929], respectively, by making use of the ideas
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of F. Riesz and E. Helly. Their theorems were later generalized to linear
operators taking their values in normed spaces with the binary intersection property and ordered vector spaces.
Since then the Hahn-Banach theorem is of basic importance in the
analysis of problems concerning the existence of continuous linear functionals. Its original proof in Banach [1929], as well as the proofs given in
most textbooks, relies on the axiom of choice.
We borrow the following version from Dunford and Schwartz [1957]:
Theorem 9.1. (Hahn-Banach) Let the real function p on the real linear
space X satisfying
p(x + y) ≤ p(x) + p(y), p(αx) = αp(x); α ≥ 0, x, y ∈ X.
Let f be a real linear functional on a subspace Y of X with
f (x) ≤ p(x),

x ∈ Y.

Then there is a real linear functional F on X for which
F (x) = f (x), x ∈ Y ;

F (x) ≤ p(x), x ∈ X.

Here the proof is based on Zorn’s lemma. Several consequences and
comments on the theorem are given in Dunford-Schwartz [1957, Part I
after p.62 and pp.85–88].
Early in 1938, Kakutani [1938,1986] gave a proof of the Hahn-Banach
extension theorem by using the Markov-Kakutani fixed point theorem,
which follows from the Tychonoff fixed point theorem.
Rudin [1973] stated that the plural is used for the theorem because the
term “Hahn-Banach theorem” is customarily applied to several closely
related results. Among them are the dominated extension theorems (in
which no topology is involved), the separation theorem, and the continuous extension theorem. Moreover, his conclusion of the above theorem
contains −p(−x) ≤ F (x) ≤ p(x), x ∈ X instead of F (x) ≤ p(x), x ∈ X,
and his proof is also based on Zorn’s lemma.
According to Simons [2003], traditional proofs of the Hahn-Banach
theorem were given by Kelley-Namioka [1963], Rudin [1973], König
(1982), and Simons [1970]. Traditional proofs of the Hahn-Banach theorem used to depend on Axiom of Choice or Zorn’s Lemma, but nowadays
there have been appeared many proofs without using them. For more
proofs, see also Buskes [1993], Lassonde [1998], and the sequel.
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For some classical applications of the Hahn-Banach theorem, see the
above references and Narici and Beckenstein [1997].
9.3. KKM implies Hahn-Banach by Kakutani [1938] and Fan
[1961]
The following summarizes the steps that the KKM theorem implies
the Hahn-Banach theorem:
KKM =⇒ KKMF (Fan’s 1961 KKM lemma) — Fan [1961]
=⇒ Fan’s section property — Fan [1961]
=⇒ Tychonoff’s fixed point theorem — Fan [1961]
=⇒ Markov’s fixed point theorem — Markov [1934]
=⇒ Hahn-Banach theorem — Kakutani [1938]
=⇒ Markov-Kakutani fixed point theorem — Takahashi [1986],
Werner [1992]
9.4. Equivalent forms of Hahn-Banach by Takahashi [1986]
The results of Takahashi [1986] are as follows:
(1) A new proof, based on the Brouwer fixed point theorem, of a Fan’s
matching theorem [1984].
(2) An extension to the noncompact case of a Fan-Browder type fixed
point result due to H. Ben-El-Mechaiekh et al. [1982].
(3) A minimax theorem of Sion type, based on Fan’s minimax inequality.
(4) A new proof of the Markov-Kakutani fixed point theorem, based
on Fan’s convex inequalities theorem [1957], which is equivalent to a
minimax theorem deduced from the Hahn-Banach theorem.
(5) A version of König’s theorem, proved by using the same theorem
of Fan, and then prove Simons’ minimax theorem [1981].
At the end of Introduction of this paper, the author added: Consequently, keeping in mind that the Hahn-Banach theorem is deduced
from Brouwer’s fixed point theorem (for example, see Hirano-KomiyaTakahashi [1982]), we are able to compare the “strength” of results appearing in Simons [1986] and the present paper.
Comments:
(1) and (3) are generalized in [P2010].
(2) is also generalized for abstract convex spaces [P2017].
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(3) Fan’s convex inequality theorem is already deduced from the
Brouwer fixed point theorem in Takahashi [1976]. Therefore, by (4), the
Markov-Kakutani fixed-point theorem is the Brouwer type, and implies
the Hahn-Banach theorem by Kakutani [1938]. Consequently, the HahnBanach theorem is the KKM type.
(4) shows that:
Hahn-Banach theorem =⇒ a minimax theorem of Takahashi
=⇒ Fan’s convex inequalities theorem
=⇒ Markov-Kakutani theorem
=⇒ Hahn-Banach theorem (Kakutani [1938]).
Therefore, already in Takahashi [1986], the following was given:
Hahn-Banach theorem =⇒ Markov-Kakutani fixed point theorem —
Werner [1992]
9.5. KKM implies Hahn-Banach by Granas and Lassonde
[1991]
In [GL1991], many applications to known results are systemically
given on systems of inequalities, variational inequalities, minimax equalities, theorems of Markhoff-Kakutani, Mazur-Orlicz and Hahn-Banach,
variational problems, maximal monotone operators, and others in convex
analysis.
They showed that
KKM =⇒ Lemme 1
⇐⇒ Théorème 1 (Principe Géométrique)
⇐⇒ Corollaire 1.1
⇐⇒ Théorème 2.
This equivalencies are generalized for abstract convex spaces in [P2010].
Moreover, they deduced
Markhoff-Kakutani =⇒ Lemme 1 (Banach)
=⇒ Lemme 2,
Lemme 2 + Corollaire 4.1 (Fan [1957] and others)
=⇒ Théorème 9 (Mazur-Orlicz)
=⇒ Corollaire 9.1
=⇒ Hahn-Banach, where
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In the present section, we follow the pioneering work of Luc [2008]
and show that some of his results can be extended to our abstract convex
spaces. Therefore, this section is supplementary to Luc [2008].
This section is organized as follows: In Subsection 10.2, definitions,
some basic facts, and some of typical examples of abstract convex spaces
are introduced. Subsection 10.3 deals with Luc’s condition (Theorem
3.1) linking the existence of solutions to the variational relation problem
(VR) and the intersection property of a certain multimap. Subsections
10.4 and 10.5 are concerned with sufficient conditions for existence of
solutions of a broad class of models, respectively, in which conditions
based on intersection theorems and fixed point theorems are derived.
10.2. Variational relation problem
According to Luc [2008], we assume: A, B, and Y are nonempty
sets, S1 : A ( A, S2 : A ( B and T : A × B ( Y are multimaps with
nonempty values. Let R(a, b, y) be a relation linking a ∈ A, b ∈ B and
y ∈ Y . We consider the following problem, denoted (VR):
Find ā ∈ A such that:
(1) ā is a fixed point of S1 , that is ā ∈ S1 (ā);
(2) R(ā, b, y) holds for every b ∈ S2 (ā) and y ∈ T (ā, b).
This problem is called a variational relation problem in which the
multimaps S1 , S2 , T are constraints and R is a variational relation.
The relation R is often determined by equalities and inequalities of real
functions or by inclusions and intersections of set-valued maps. Typical
instances of variational relation problems are the following as shown by
Luc [2008]:
(i) Optimization Problem
(ii) Equilibrium Problem
(iii) Variational Inclusion Problem
(iv) Differential Inclusion
To study the variational relation problem (VR), Luc [2008] defined a
multimap P : B ( A by
P (b) = [A \ S2− (b)]∪{a ∈ A : a ∈ S1 (a), R(a, b, y) holds ∀y ∈ T (a, b)}.
The following main theorem of Luc [2008] expresses the existence of
solutions of (VR) by an intersection relation:
Theorem 10.1. (Luc [2008]) A point ā ∈ A is a solution ofTthe variational relation problem (VR) if and only if it belongs to the set b∈B P (b).
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8. Granas and Liu [1983]: The KKM theorem implies a theorem on
systems of inequalities involving three families of functions.
9. Simons [1985]: The Hahn-Banach theorem implies the theorem of
Granas and Liu [1983] on systems of inequalities involving three families
of functions.
10. Simons [1986]: ”We believe that §3 captures the essence of the
fact that the KKM theorem and the Hahn-Banach theorem are “saying
different things”.
11. Simons [1989] studied minimax and variational inequalities of
fixed point or Hahn-Banach type.
12. Granas and Lassonde [1991] : The KKM theorem implies the
Hahn-Banach Theorem.
13. Werner [1992] gave a proof of the Markov-Kakutani fixed point
theorem via the Hahn-Banach theorem, and hence the two results are
indeed equivalent. This was already known by Takahashi [1986].
14. Ben-El-Mechaiekh [2015] : The convex KKM principle is equivalent to the Hahn-Banach theorem, the Markov-Kakutani fixed point
theorem, and the Sion-von Neumann minimax principle.
Consequently, the Hahn-Banach type of Simons is the class of statements whose proofs are based on the Hahn-Banach theorem and shorter
than the one using the Brouwer fixed point theorem or the KKM theorem. However, the Hahn-Banach theorem is of the KKM type not far
from the KKM theorem. Therefore, the distinction between the HahnBanach type and the KKM type is not strict, and that actually the two
types are same in a broad sense.

10. Applications to variational relations
10.1. Introduction
Almost independently to such progress, D. T. Luc [2008] began to
work on the variational relations in order to present a unifying approach
to study various models of equilibrium theory and variational inclusions.
Since then a score of authors have published quite large numbers of related works on Hausdorff topological vector spaces. However, such models also appeared in various types of abstract convex spaces. Moreover,
we found that the most works on variational relations do not reflect recent
development of the KKM theory of abstract convex spaces.
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In the present section, we follow the pioneering work of Luc [2008]
and show that some of his results can be extended to our abstract convex
spaces. Therefore, this section is supplementary to Luc [2008].
This section is organized as follows: In Subsection 10.2, definitions,
some basic facts, and some of typical examples of abstract convex spaces
are introduced. Subsection 10.3 deals with Luc’s condition (Theorem
3.1) linking the existence of solutions to the variational relation problem
(VR) and the intersection property of a certain multimap. Subsections
10.4 and 10.5 are concerned with sufficient conditions for existence of
solutions of a broad class of models, respectively, in which conditions
based on intersection theorems and fixed point theorems are derived.
10.2. Variational relation problem
According to Luc [2008], we assume: A, B, and Y are nonempty
sets, S1 : A ( A, S2 : A ( B and T : A × B ( Y are multimaps with
nonempty values. Let R(a, b, y) be a relation linking a ∈ A, b ∈ B and
y ∈ Y . We consider the following problem, denoted (VR):
Find ā ∈ A such that:
(1) ā is a fixed point of S1 , that is ā ∈ S1 (ā);
(2) R(ā, b, y) holds for every b ∈ S2 (ā) and y ∈ T (ā, b).
This problem is called a variational relation problem in which the
multimaps S1 , S2 , T are constraints and R is a variational relation.
The relation R is often determined by equalities and inequalities of real
functions or by inclusions and intersections of set-valued maps. Typical
instances of variational relation problems are the following as shown by
Luc [2008]:
(i) Optimization Problem
(ii) Equilibrium Problem
(iii) Variational Inclusion Problem
(iv) Differential Inclusion
To study the variational relation problem (VR), Luc [2008] defined a
multimap P : B ( A by
P (b) = [A \ S2− (b)]∪{a ∈ A : a ∈ S1 (a), R(a, b, y) holds ∀y ∈ T (a, b)}.
The following main theorem of Luc [2008] expresses the existence of
solutions of (VR) by an intersection relation:
Theorem 10.1. (Luc [2008]) A point ā ∈ A is a solution ofTthe variational relation problem (VR) if and only if it belongs to the set b∈B P (b).
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The following corollary is useful in establishing sufficient conditions
for the existence of solutions via fixed point theorems.
Corollary 10.2. (Luc [2008]) A point ā ∈ A is a solution of (VR) if and
only if the set B \ P −1 (ā) is empty. In particular, if A = B, then (VR)
has a solution under the following conditions:
(i) The map a 7→ A \ P − (a), a ∈ A, has a fixed point whenever it has
nonempty values.
(ii) For each a ∈ A, S2 (a) ⊂ S1 (a).
(iii) For each fixed point a of S1 , the relation R(a, a, y) holds for all
y ∈ T (a, a).
10.3. Criteria based on intersections
In this subsection, we derive two sufficient conditions for the existence
of solutions of (VR) as in Section 3 of Luc [2008]:
Definition. (Luc [2008]) We say that the problem (VR) is finitely solvable if, for every finite subset N ∈ hBi, there is some a0 ∈ A such that,
for each b ∈ N , either b ∈
/ S2 (a0 ) or a0 ∈ S1 (a0 ) and R(a0 , b, y) holds for
all y ∈ T (a0 , b).
Proposition 10.3. (Luc [2008]) Assume that A is a compact set. Then,
the variational relation problem (VR) has a solution if and only if it is
finitely solvable.
From now on, we assume that A = B, a nonempty subset of a partial
KKM space (X; Γ), and that (Y ; Λ) is another partial KKM space.
Definition. (Luc [2008]) We say that the relation R is T -KKM (or KKM
for short) if, for every finite subset N = {a1 , . . . , ak } of A and for every
a ∈ ΓN , one can find some index i such that R(a, ai , y) holds for all
y ∈ T (a, ai ).
This definition is an adaptation of the KKM maps to variational
relations. We recall that a multimap G : A ( A is said to be KKM if
for
Sn every finite subset N = {a1 , . . . , ak } of A, we have ΓN ⊂ G(N ) =
i=1 G(ai ).
The following intersection theorem of the KKM-Fan type for our abstract convex space theory will be needed: If A is a nonempty compact
and Γ-convex subset of a partial KKM space
T and if G : A ( A is a KKM
map with nonempty closed values, then a∈A G(a) 6= ∅.
Theorem 10.4. The following conditions are sufficient for (VR) to have
a solution:
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(i) (A; Γ) is a compact partial KKM space.
(ii) The map P has closed values.
(iii) For every a ∈ A, the Γ-convex hull of S2 (a) is contained in S1 (a).
(iv) The relation R is KKM.
Proof. Consider the map P on A. We start with proving that for
each a ∈ A, the set P (a) is nonempty. Indeed, if not, say P (a0 ) is
empty for some a0 ∈ A. By the definition of P , every S2 (a) contains
a0 . In particular, a0 ∈ S2 (a0 ) ⊂ S1 (a0 ). Since R is KKM, we deduce
a0 ∈ P (a0 ), a contradiction. We show next that P is KKM. To this
purpose, let N = {a1 , . . . , ak } ∈ hAi and let a ∈ ΓN . If a belongs to the
set A \ S2− (ai ) for some i, then we are done because a belongs to P (ai )
as well. If not, in view of (iii), a belongs to the coΓ S2 (a), and hence
a ∈ S1 (a). As R is KKM, there is some index i such that R(a, ai , y) holds
for all y ∈ T (a, ai ). This implies a ∈ P (ai ), and P is KKM. It remains
to apply our KKM-Fan type theorem and Theorem 10.1 to conclude. 
When A is a nonempty convex compact subset of a (not necessarily
Hausdorff) topological vector spaces, Theorem 10.4 reduces to Luc [2008,
Theorem 3.1].
In order to develop sufficient conditions for (ii) and (iv), it is recalled
some definitions of continuity of multimaps. Let G be a multimap between two topological spaces X and Z. It is closed (resp. open) if its
graph is a closed (resp. open) set in X × Z; it is upper semicontinuous
if for x ∈ X and an open set V ⊂ Z containing G(x), there is some
open neighborhood U ⊂ X of x such that G(U ) ⊂ V ; and it is lower
semicontinuous if for x ∈ X and an open set V ⊂ Z with V ∩ G(x) 6= ∅,
there is some open neighborhood U ⊂ X of x such that G(x0 ) ∩ V 6= ∅
when x0 ∈ U .
Definition. Let b ∈ A be given. We say that the relation R(., b, .) is
closed in the first and the third variables if, for every net {(aα , yα )}
converging to some (a, y), and if R(aα , b, yα ) holds for all α, the relation
R(a, b, y) holds too.
We set
Z := {a ∈ A : a ∈ S1 (a)},
PR (b) := {x ∈ A : R(x, b, y) holds for all y ∈ T (x, b)}.
It is clear that P (b) is the union of the sets A \ S2−1 (b) and Z ∩ PR (b).
Therefore, P (b) is closed if these two latter sets are closed. Moreover,
the set Z of all fixed points of S1 on A is closed if the map S1 is closed.
The converse is evidently not always true.
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Lemma 10.5. (Luc [2008]) Let b ∈ A. Assume that:
(i) The set A and the set Z of all fixed points of S1 are closed.
(ii) The inverse value S2− (b) is open in A.
(iii) T (., b) is lower semicontinuous in the first variable.
(iv) R(., b, .) is closed in the first and the third variables.
Then, the set P (b) is closed.
Corollary 10.6. The following conditions are sufficient for (VR) to have
a solution:
(i) (A; Γ) is a compact partial KKM space.
(ii) The set of all fixed points of S1 is closed.
(iii) The map S2 has open inverse values and, for every b ∈ A, the
Γ-convex hull of S2 (b) is contained in S1 (b).
(iv) For every given b ∈ A fixed, T (., b) is lower semicontinuous in the
first variable.
(v) The relation R is KKM and, for every given b ∈ A, R(., b, .) is
closed in the first and the third variables.
Proof. Apply Lemma 10.5 and Theorem 10.4. 
When A is a nonempty convex compact subset of a (not necessarily
Hausdorff) topological vector spaces, Corollary 10.6 reduces to Luc [2008,
Corollary 3.1].
The concept of KKM relations can be found in the majority of papers
on variational inequalities in one or another form. Luc [2008] mentioned
some of them as follows:
(i) Diagonally Quasiconvex Maps.
(ii) Properly Quasimonotone Maps.
(iii) Quasiconvex Inclusions.
10.4. Criteria based on fixed points
The criteria that we are going to establish in this subsection are based
on Corollary 10.2, in which fixed point theorems are involved. As before,
it is assumed that A = B is a nonempty subset of a partial KKM space
(X; Γ) and that (Y ; Λ) is another partial KKM space. Consider the map
Q : A ( A defined by
Q(a) = {x ∈ A : R(a, x, y) does not hold for some y ∈ T (a, x)}.
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It can be seen that
(
S2 (a), if a ∈
/ S1 (a);
A \ P − (a) =
S2 (a) ∩ Q(a), else.
The next result gives a relationship between R, PR and Q.
Lemma 10.7. The following assertions hold:
(i) For a ∈ A, the relation R(a, a, y) holds for all y ∈ T (a, a) if and
only if a is not a fixed point of Q. In particular, if R is KKM, then Q has
no fixed points.
(ii) If Q(a) is Γ-convex for all a ∈ A and if Q does not have fixed
points, then R is KKM.
(iii) For a ∈ A, one has A \ Q− (a) = PR (a).
Consequently, the map Q has open inverse values if and only if the
map PR has closed values.
Proof. The first assertion is clear. For the second assertion, suppose
to the contrary that R is not KKM. Then, there exist N = {a1 , . . . , ak } ∈
hAi and a ∈ ΓN such that, for each i, R(a, ai , yi ) does not hold for some
yi ∈ T (a, ai ). In other words, all ai ’s belong to Q(a). Under the convexity
hypothesis, a is a fixed point of Q, a contradiction. In the last assertion,
the equality is obtained by direct calculation. 
When A is a nonempty convex compact subset of X, and X and Y
are (not necessarily Hausdorff) topological vector spaces, Lemma 10.7
reduces to Luc [2008, Lemma 3.1].
The next result is a consequence of Theorem 10.4 and Lemma 10.7,
but we shall give another proof based on the Fan-Browder fixed point
theorem in our abstract convex space theory, which states that, if (A; Γ)
is a compact
partial KKM space and if G : A ( A is a multimap with
S
A = a∈A intG− (a), then there is some a ∈ A belonging to the Γ-convex
hull of G(a).
Theorem 10.8. The problem (VR) has a solution if the following conditions hold:
(i) (A; Γ) is a compact partial KKM space.
(ii) The set of all fixed points of S1 on A is closed.
(iii) The map S2 has Γ-convex values and open inverse values, and
S2 (a) ⊂ S1 (a) for every a ∈ A.
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(iv) The map Q has Γ-convex values, open inverse values and no fixed
points.
Proof. We recall that Z denotes the set of all fixed points of S1
on A. Consider the multimap A \ P − on A. If, for some point a ∈ A,
the set A \ P − (a) is empty, then a is a solution of (VR) (Corollary
10.2).
Assume that this map has nonempty values. It follows that A =
S
(A
\ P − )− (a). Moreover, one has
a∈A
[A \ P − ]− (a) = {x ∈ A \ E : a ∈ S2 (x)} ∪ {x ∈ E : a ∈ S2 (x) ∩ Q(x)}
= {(A \ Z) ∪ Q− (a)} ∩ S2− (a).
S By the hypotheses
− −
a∈A int(A \ P ) (a).
point ā ∈ A of A \ P − .
to Z as well. By this,
complete. 

(ii)-(iv), this set is open in A. Hence, A =
Apply the Fan-Browder theorem to find a fixed
In particular, this point belongs to S2 (ā), hence
ā ∈ Q(ā), which contradicts (iv). The proof is

When A is a nonempty convex compact subset of a (not necessarily
Hausdorff) topological vector space, Theorem 10.8 reduces to Luc [2008,
Theorem 4.1].
In this section, all proofs are imitations of corresponding ones of Luc,
and some of other results of him not mentioned here also can be extended
to abstract convex spaces.

Appendix: History of this article
Recently we have published the following monograph on the basic
theory of our KKM theory on abstract convex spaces:
Theory of Abstract Convex Spaces, National Academy of Sciences, Republic of Korea, 2017, 400pp. [in Korean and English]

The present survey article is supplementary to this and based on the
material of
A panoramic view of the KKM theory, A special “Impal” two-hour lecture
at Department of Pure and Applied Mathematics, Guru Ghasidas University,
Bilaspur, CG, India. [Feb. 26, 2018]

Especially, Sections 2 and 3 are based on the following:
A panoramic view of the realm of Ky Fan’s 1952 lemma. The 10th Anniversary: International Conference on Nonlinear Analysis and Convex Analysis (NACA2017), Chitose City Cultural Center, Hokkaido, Japan. [Jul. 4-9,
2017].
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Section 4 is based on the following:
On multimap classes in the KKM theory. 2017 RIMS International Workshop on Nonlinear Analysis and Convex Analysis, Kyoto University, Kyoto,
Japan. [Aug. 30 - Sept. 1, 2017]

Sections 5 and 6 are extended to
Various examples of the KKM space. Inter. Workshop 2018 on Nonlinear Analysis and Optimization (IWNAO2018), Pukyong National University,
Busan, Korea. [Aug. 6-8, 2018].
Section 7 is extracted from
The fixed point method versus the KKM method. The 4th Inter. Conf.
on Game Theory and Management, St. Petersburg State University, Russia.
[Jun. 28-30, 2010].
Section 8 is later given as
Applications of convex-valued KKM maps. 2018 RIMS International Workshop on Nonlinear Analysis and Convex Analysis, Kyoto University, Kyoto,
Japan. [Aug. 27-29, 2018].
Section 9 is given as
KKM implies Hahn-Banach. The 6th Asian Conference on Nonlinear
Analysis and Optimization (NAO-Asia2018), Okinawa, Japan [Nov. 5-9, 2018].
Finally, Section 10 is the basis of
Variational relations in abstract convex spaces. Res. Fixed Point Theory
Appl. Vol. 2018, Article ID 2018014, 08 pages [Jun. 9, 2018].
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