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VARIOUS SUBCLASSES OF ABSTRACT CONVEX SPACES FOR
THE KKM THEORY
SEHIE PARK
Abstract. We introduce some subclasses of the class of abstract convex
spaces, namely, abstract convex minimal spaces, minimal KKM spaces, generalized convex minimal spaces, and others. Each of these subclasses is convenient for the KKM theory and contains G-convex spaces properly. The class of
G-convex spaces contains the classes of L-spaces, spaces having property (H),
F C-spaces, and others. Some related matters are also discussed.

1. Introduction
The KKM theory, originally called by the author in [26], is nowadays the study of
applications of various equivalent formulations of the celebrated Knaster-KuratowskiMazurkiewicz theorem (simply, the KKM principle) in 1929 [23]. In the last decade,
the theory has been extensively studied for generalized convex (G-convex) spaces in
a sequence of papers of the author; for the details, see [27-36,46-49] and references
therein.
Since the concept of G-convex spaces first appeared in 1993 [46], a number
of modifications or imitations of the concept have followed. Such examples are
L-spaces due to Ben-El-Mechaiekh et al. [2], spaces having property (H) due to
Huang [22], F C-spaces due to Ding [6-15], and others. It is known that all of such
examples are particular forms of G-convex spaces; see [42].
In our recent work [37], we introduced a new concept of abstract convex spaces
and the multimap classes K, KC, and KO having certain KKM property. These
new spaces and multimap classes are known to be adequate to establish the KKM
theory; see [37-41]. Especially, in [41], we generalized and simplified the known
results of the theory on convex spaces, H-spaces, G-convex spaces, and others. It is
noticed there that the class of abstract convex spaces (E, D; Γ) satisfying the KKM
principle plays the major role in the KKM theory. It seems to be quite natural to
call such spaces the KKM spaces. In our work [43], we show that a large number of
well-known results in the KKM theory on G-convex spaces also hold on the KKM
spaces.
Moreover, apparently motivated by the author’s earlier works, Alimohammady
et al. [1] introduced the notion of minimal G-convex spaces and obtained the open
and closed versions of the KKM principle in this new setting. Their method is
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just replacing the topological structure in the relevant results by the more general
minimal structure.
In our previous work [44], we introduced a new concept of abstract convex minimal spaces which can be also useful to establish some results in the KKM theory.
With this new concept, we obtained generalizations of the KKM principle. Furthermore, the KKM type maps were used to obtain coincidence theorems, the FanBrowder type fixed point theorems, the Fan intersection theorem, and the Nash
equilibrium theorem on abstract convex minimal spaces.
Now it is evident that the class of abstract convex spaces contains many subclasses which are adequate to establish the KKM theory. In the present paper, we
introduce such subclasses, namely, abstract convex minimal spaces, minimal KKM
spaces, generalized convex minimal spaces, and the corresponding ones for topological spaces. All of these contains G-convex spaces properly. The class of G-convex
spaces contains the classes of L-spaces, spaces having property (H), F C-spaces,
and others. In general, a space having a family {φA }A∈hDi or simply a φA -space
(X, D; {φA }A∈hDi ) is shown to be a G-convex space, where hDi denote the set of
all nonempty finite subsets of a set D. Some related matters are also discussed.
2. Abstract convex spaces
In this section, we recall definition of abstract convex spaces given in [37-41]:
Definition 2.1. An abstract convex space (E, D; Γ) consists of a nonempty set E,
a nonempty set D, and a multimap Γ : hDi → 2E with nonempty values. We may
denote ΓA := Γ(A) for A ∈ hDi.
For any D0 ⊂ D, the Γ-convex hull of D0 is denoted and defined by
[
coΓ D0 := {ΓA | A ∈ hD0 i}.
[ co is reserved for the convex hull in topological vector spaces (t.v.s.).] A subset
X of E is called a Γ-convex subset of (E, D; Γ) relative to D0 if for any N ∈ hD0 i,
we have ΓN ⊂ X, that is, coΓ D0 ⊂ X. This means that (X, D0 ; Γ|hD0 i ) itself is an
abstract convex space called a subspace of (E, D; Γ).
When D ⊂ E, the space is denoted by (E ⊃ D; Γ). In such case, a subset X of
E is said to be Γ-convex if coΓ (X ∩ D) ⊂ X; in other words, X is Γ-convex relative
to D0 := X ∩ D. In case E = D, let (E; Γ) := (E, E; Γ).
If E is given a topology, then the abstract convex space (E, D; Γ) is called an
abstract convex topological space.
We already gave plenty of examples of abstract convex spaces in [37,41].
The following is given in [1]:
Definition 2.2. A family M ⊂ 2X is called a minimal structure on a set X if
∅, X ∈ M. In this case, (X, M) is called a minimal space. Any element of M is
called an m-open set of X and a complement of an m-open set is called an m-closed
set of X. For minimal spaces (X, M) and (Y, N ), a function f : X → Y is said to be
continuous (more precisely, m-continuous or (M, N )-continuous) if f −1 (V ) ∈ M
for each V ∈ N .
Definition 2.3. If E is given a minimal structure, then the abstract convex space
(E, D; Γ) is called an abstract convex minimal space.
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Example 2.4. (1) Any topological space is a minimal space and not conversely.
(2) Any t.v.s. is a minimal vector space. There is some linear minimal space
which is not a t.v.s.; see [1].
3. The KKM spaces
Definition 3.1. Let (E, D; Γ) be an abstract convex space and Z a set. For a
multimap F : E → 2Z with nonempty values, if a multimap G : D → 2Z satisfies
[
F (ΓA ) ⊂ G(A) :=
G(y)
for all A ∈ hDi,
y∈A

then G is called a KKM map with respect to F . When E = Z, a KKM map
G : D → 2E is a KKM map with respect to the identity map 1E .
A multimap F : E → 2Z is said to have the KKM property and called a K-map
if, for any KKM map G : D → 2Z with respect to F , the family {G(y)}y∈D has the
finite intersection property. We denote
K(E, Z) := {F : E → 2Z | F is a K-map}.
Similarly, when Z is a topological space, a KC-map is defined for closed-valued
maps G, and a KO-map for open-valued maps G. In this case, we have
K(E, Z) ⊂ KC(E, Z) ∩ KO(E, Z).
Note that if Z is discrete then three classes K, KC, and KO are identical.
Furthermore, when (Z, M) is a minimal space, an mKC-map is defined for mclosed-valued maps G, and an mKO-map for m-open-valued maps G. In this case,
we have
K(E, Z) ⊂ mKC(E, Z) ∩ mKO(E, Z).
Example 3.2. (1) Every abstract convex space in our sense has a map F ∈ K(E, Z)
for any nonempty set Z and for any class of KKM maps G : D → 2Z with respect
to F . In fact, for each x ∈ E, choose F (x) := Z or F (x) contains some z0 ∈ Z.
(2) Further examples were given in Section 5 of [37].
Definition 3.3. For an abstract convex topological space (E, D; Γ), the KKM
principle is the statement 1E ∈ KC(E, E) ∩ KO(E, E). A KKM space is an abstract
convex topological space satisfying the KKM principle [43].
For an abstract convex minimal space (E, D; Γ), the KKM principle is the statement 1E ∈ mKC(E, E) ∩ mKO(E, E). A minimal KKM space (or simply, mKKM
space) is an abstract convex minimal space satisfying the KKM principle.
Example 3.4. We give examples of KKM spaces:
(1) The triple (∆n , V ; co), where V denotes the set of vertices and co : hV i → 2∆n
the convex hull operation, is a KKM space. The original KKM principle [23] is
1∆n ∈ KC(∆n , ∆n ). Later it was known that 1∆n ∈ KO(∆n , ∆n ).
(2) Ky Fan’s (E, D; co), where D is a nonempty subset of a topological vector
space E, is a KKM space. His celebrated lemma [19] is 1E ∈ KC(E, E).
These are the origins of our G-convex space (X, D; Γ). Note that any KKM type
theorem on (X; Γ) can not generalize the KKM principle and the Ky Fan lemma.
(3) Every generalized convex space is a KKM space; see [29,30,49].
(4) A connected ordered space (X, ≤) can be made into an abstract convex
topological space (X ⊃ D; Γ) for any nonempty D ⊂ X by defining
ΓA := [min A, max A] = {x ∈ X | min A ≤ x ≤ max A} for each A ∈ hDi.
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Moreover, it is a KKM space; see [40, Theorem 5(i)].
(5) The extended long line L∗ can be made into a KKM space (L∗ ⊃ D; Γ); see
[40]. In fact, L∗ is constructed from the ordinal space D := [0, Ω] consisting of
all ordinal numbers less than or equal to the first uncountable ordinal Ω, together
with the order topology. Recall that L∗ is a generalized arc obtained from [0, Ω] by
placing a copy of the interval (0, 1) between each ordinal α and its successor α + 1
∗
and we give L∗ the order topology. Now let Γ : hDi → 2L be the one as in (2).
In our previous work [29], for G-convex spaces, there exist more than 15 equivalent formulations of the KKM principle such as Alexandroff-Pasynkoff theorem,
Ky Fan type matching theorem, Tarafdar type intersection theorem, geometric
or section properties, Fan-Browder type fixed point theorems, maximal element
theorems, analytic alternatives, Ky Fan type minimax inequalities, variational inequalities, and others. This is also true for KKM spaces.
In our forthcoming paper [43], we show that some of well-known results in the
KKM theory on G-convex spaces also hold on the KKM spaces. Examples of such
results are theorems of Sperner and Alexandroff-Pasynkoff, the Horvath type fixed
point theorem, the Fan-Browder type coincidence theorems, the Ky Fan type minimax inequalities, variational inequalities, the von Neumann type minimax theorem,
and the Nash type equilibrium theorem.
4. Generalized convex spaces
Recall the following appeared in [27-36,49]:
Definition 4.1. A generalized convex space or a G-convex space (X, D; Γ) consists
of a topological space X, a nonempty set D, and a multimap Γ : hDi → 2X such
that for each A ∈ hDi with the cardinality |A| = n + 1, there exists a continuous
function φA : ∆n → Γ(A) such that J ∈ hAi implies φA (∆J ) ⊂ Γ(J).
Here, ∆n is the standard n-simplex with vertices {ei }ni=0 , and ∆J the face of ∆n
corresponding to J ∈ hAi; that is, if A = {a0 , a1 , . . . , an } and J = {ai0 , ai1 , . . . , aik }
⊂ A, then ∆J = co{ei0 , ei1 , . . . , eik }.
Definition 4.2. A generalized convex minimal space or a G-convex minimal space
(X, D; Γ) consists of a minimal space X, a nonempty set D, and a multimap Γ :
hDi → 2X such that for each A ∈ hDi with the cardinality |A| = n + 1, there exists
a continuous function φA : ∆n → Γ(A) such that J ∈ hAi implies φA (∆J ) ⊂ Γ(J).
See [1].
Remark. (1) A G-convex space is a G-convex minimal space, and the converse
does not hold; for example, see [1].
(2) A G-convex space is a KKM space and the converse does not hold; for
example, the extended long line L∗ is a KKM space (L∗ ⊃ D; Γ), but not a Gconvex space.
In fact, since Γ{0, Ω} = L∗ is not path connected, for A := {0, Ω} ∈ hL∗ i and
∆1 := [0, 1], there does not exist a continuous function φA : [0, 1] → ΓA such that
φA {0} ⊂ Γ{0} = {0} and φA {1} ⊂ Γ{Ω} = {Ω}. Therefore (L∗ ⊃ D; Γ) is not
G-convex.
(3) A G-convex minimal space (X, D; Γ) is a minimal KKM space in view of the
following:
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Theorem 4.3. Let (E, D; Γ) be a G-convex minimal space and F : D → 2E a
KKM map with m-closed values [resp., m-open values]. Then {F (z)}z∈D has the
finite intersection property.
Essentially, the proof of Theorem 4.3 [1, Theorems 3.2 and 3.5] is the one in
[29,30,49] with slight modifications.
It is obvious that many facts on G-convex spaces can be extended to corresponding ones on G-convex minimal spaces.
In the category of topological vector spaces or C-spaces, the concepts of locally
convex spaces, LC-spaces, Φ-spaces, subsets of the Zima-Hadžić type, admissible
subsets, and sets of Klee approximability are quite well-known; see [36]. They were
introduced to establish generalization of the known fixed point theorems.
In our previous work [36], we extended these concepts to G-convex uniform
spaces and established the mutual relations among them as follows:
Theorem 4.4. In the class of G-convex uniform spaces, the following hold:
(1) Any LG-space is of the Zima-Hadžić type.
(2) Every LG-space is locally G-convex whenever every singleton is Γ-convex.
(3) Any nonempty subset of a locally G-convex space is a Φ-set.
(4) Any Zima-Hadžić type subset of a G-convex uniform space such that every
singleton is Γ-convex is a Φ-set.
(5) Every Φ-space is admissible. More generally, every nonempty compact Φsubset is Klee approximable.
Note that Theorem 4.4 can be extended to the KKM uniform spaces.
For details on G-convex spaces, see [27-36,46-49], where basic theory was extensively developed.
5. Examples of G-convex spaces
There are lots of examples of G-convex spaces:
Example 5.1. If X is a subset of a vector space, D ⊂ X such that co D ⊂ X,
and each ΓA is the convex hull of A ∈ hDi equipped with the Euclidean topology,
then (X ⊃ D; Γ) becomes a convex space generalizing the one due to Lassonde [24].
Note that any convex subset of a t.v.s. is a convex space, but not conversely.
Example 5.2. If ΓA is assumed to be contractible or, more generally, ω-connected
(that is, n-connected for all n ≥ 0), and if for each A, B ∈ hDi, A ⊂ B implies
ΓA ⊂ ΓB , then (X, D; Γ) becomes an H-space [45]. For X = D, an H-space reduces
to a C-space of Horvath [21]. There are many examples of C-spaces due to Horvath
[21]. It is notable that a torus, the Möbius band, or the Klein bottle can be regarded
as C-spaces, and are examples of compact G-convex spaces without having the fixed
point property.
Example 5.3. Let X = D = [0, 1) and Y = D0 = S1 = {e2πit | t ∈ [0, 1)} in the
complex plane C. Let f : X → Y be a continuous function defined by f (t) = e2πit .
Define Γ : hD0 i → 2Y by
ΓA = f (co(f −1 (A))) for A ∈ hD0 i.
Then (Y ⊃ D0 ; Γ) is a compact G-convex space. Recall that any continuous image
of a G-convex space is a G-convex space. We note the following:
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(1) S1 lacks the fixed point property. Moreover, (Y ⊃ D0 ; Γ) is an example of
a compact H-space since each ΓA is contractible. Therefore, it shows that the
Schauder conjecture (that is, any compact convex subset of a topological vector
space has the fixed point property) does not hold for G-convex spaces.
(2) Note that, in (Y ⊃ D0 ; Γ), singletons are Γ-convex; that is, Γ{y} = {y} for
each y ∈ D0 .
(3) (Y, D; Γ) with Γ : hDi → 2Y defined by
ΓA = f (co A) for A ∈ hDi
is an example of an H-space satisfying D 6⊂ Y .
Example 5.4. Let X = D = [0, 1] and Y = D0 = S1 = {e2πit | t ∈ [0, 1]}. Define
f and ΓA as in Example 5.3. Then (Y ⊃ D0 ; Γ) is a compact G-convex space.
(1) Note that 1 ∈ S1 and that Γ{1} = S1 is not contractible. Hence, (Y ⊃ D0 ; Γ)
is not an H-space.
(2) Moreover Γ{1} 6= {1}. Therefore, in general, Γ{y} 6= {y} in an H-space.
Example 5.5. Other major examples of G-convex spaces are metric spaces having
the Michael convex structure, Pasicki’s S-contractible spaces, Horvath’s pseudoconvex spaces, Komiya’s convex spaces, Bielawski’s simplicial convexities, Joó’s
pseudoconvex spaces, topological semilattices with path-connected intervals, and
so on. For the literature, see [27-36,46]. Moreover, further examples of G-convex
spaces were given by the author [32] as follows: L-spaces and B 0 -simplicial convexity of Ben-El-Mechaiekh et al. [2], continuous images of G-convex spaces, Verma’s
or Stachó’s generalized H-spaces, Kulpa’s simplicial structures, P1,1 -spaces of Forgo
and Joó, mc-spaces of Llinares ( In [Y], it is incorrectly stated that G-convex spaces
are mc-spaces), hyperconvex metric spaces due to Aronszajn and Panitchpakdi, and
Takahashi’s convexity in metric spaces; see [28-34]. Note also that Ding’s F C-space
[6-15] is a particular form of G-convex spaces.
Example 5.6. Any hyperbolic space X in the sense of Kirk and Reich-Shafrir is a
G-convex space, since the closed convex hull of any A ∈ hXi is contractible. This
class of metric spaces contains all normed vector spaces, all Hadamard manifolds,
the Hilbert ball with the hyperbolic metric, and others. Note that an arbitrary
product of hyperbolic spaces is also hyperbolic; see [50].
In the remainder of this paper, we deal with particular subclasses of the class
of G-convex spaces. Such subclasses are incorrectly claimed to contain G-convex
spaces by some authors even in the 21st century.
6. L-spaces
For the definition of a G-convex space, at first in [46-48], we assumed an additional isotonicity condition as follows:
(∗) for each A, B ∈ hDi, A ⊂ B implies ΓA ⊂ ΓB .
From 1998, this isotonicity has been removed; see [27-36].
Example 6.1. Let ∆3 = co V where V = {e0 , e1 , e2 , e3 }.
(1) We have a G-convex space (∆3 , V ; co) where co : hV i → 2∆3 is the convex
hull operator.
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(2) Let (∆3 , V ; Γ) be a G-convex space given by Γ{e0 , e1 } := co{e0 , e1 , e2 } for
{e0 , e1 } ∈ hV i and Γ(N ) := co N for all other N ∈ hV i. Then Γ violates the
isotonicity (∗).
In the same year, Ben-El-Mechaiekh et al. [2] defined an L-space (E, Γ), which
is a particular form of our G-convex space (X, D; Γ) [without assuming (∗)] for the
case E = X = D as follows:
Definition 6.2. ([2], Def. 3.1) An L-structure on a topological space E is given
by a nonempty set-valued map Γ : hEi → E verifying
(∗∗) for each A ∈ hEi, say A = {x0 , x1 , . . . , xn }, there exists a continuous
function f A : ∆n → Γ(A) such that for all J ⊂ {0, 1, . . . , n}, f A (∆J ) ⊂ Γ({xi , i ∈
J}).
The pair (E, Γ) is then called an L-space, and X ⊂ E is said to be L-convex if
∀A ∈ hXi, Γ(A) ⊂ X.
Then the authors of [2] stated that, in particular, if Γ, as in Definition 3.1 [2],
verifies the additional condition (∗), then the pair (E, Γ) is what is called by Park
and Kim [46], a G-convex space.
This does not mean that the class of L-spaces contains G-convex spaces. In fact,
the authors of [2] imitated our definition of G-convex spaces and implicitly stated
that, under the condition (∗), their L-spaces reduce to our original G-convex spaces.
From the beginning, any L-space is a G-convex space and not conversely.
With the misconception that the class of L-spaces contains our G-convex spaces,
some authors [4,5,17,25,51] restated a number of particular results on L-spaces
which were previously known for G-convex spaces. All of these authors failed to
give any proper example justifying their misconception.
Note that the concept of minimal L-spaces is possible.
7. Spaces having property (H)
In [22], a topological space Y is said to have property (H) if, for each N =
{y0 , . . . , yn } ∈ hY i, there exists a continuous mapping ϕN : ∆n → Y . Then the
following is introduced:
Definition 7.1. ([22], Def. 2.1) Let X be a nonempty set and Y be a topological
space with property (H). T : X → 2Y is said to be a generalized R-KKM mapping
if for each {x0 , . . . , xn } ∈ hXi, there exists N = {y0 , . . . , yn } ∈ hY i such that
ϕN (∆k ) ⊂

k
[

T xij ,

j=0

for all {i0 , . . . , ik } ⊂ {0, . . . , n}.
Adopting this concept, in [22], its author obtained modifications of some known
results in the G-convex space theory in which we had already supplied a large number of examples of such spaces. It is noteworthy that the authors of [3,16,18,22]
adopted R-KKM maps and claimed to obtain generalizations of known results without giving any justifications or any proper examples.
For a G-convex space (X, D; Γ), a multimap G : D → 2X is called a KKM map
if ΓA ⊂ G(A) for each A ∈ hDi.
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We should recognize that, in the KKM theory on G-convex spaces, every argument is related to the finite intersection property of functional values of KKM
maps having closed [resp. open] values, in other words, related to some N ∈ hDi
in (X, D; Γ). Therefore, the works in [3,16,18,22] can be reduced to the ones in our
G-convex space theory as follows:
Theorem 7.2. Every argument on KKM maps on a space Y having property (H)
can be switched to the one for the G-convex space (Y, N ; Γ0 ) for some N ∈ hY i
where
Γ0J = Γ0 (J) := ϕN (∆J ) for all J ∈ hN i.
Moreover, we have
Theorem 7.3. A generalized R-KKM map T : X → 2Y is simply a KKM map for
a G-convex space (Y, X; Γ).
Proof. Let A ∈ hXi with |A| = n + 1. Then there corresponds an N ∈ hY i with
|N | = n + 1. Define Γ : hXi → 2Y by ΓA := T (A) for each A ∈ hXi. Then
(Y, X; Γ) becomes a G-convex space. In fact, for each A with |A| = n + 1, we have
a continuous function φA := ϕN : ∆n → T (A) =: Γ(A) such that J ∈ hAi implies
φA (∆J ) ⊂ T (J) =: Γ(J). Moreover, note that ΓA ⊂ T (A) for each A ∈ hXi and
hence T : X → 2Y is a KKM map on a G-convex space (Y, X; Γ).
¤
Note that the concepts of the property (H) and the generalized R-KKM map
can be extended with respect to minimal spaces instead of topological spaces.
8. F C-spaces
In 2005, Ding [6] introduced the following notion of “a finitely continuous” topological space (in short, F C-space):
Definition 8.1. ([6], Def. 1.1) (Y, {ϕN }) is said to be a F C-space if Y is a topological space and for each N = {y0 , . . . , yn } ∈ hY i where some elements in N may be
same, there exists a continuous mapping ϕN : ∆n → Y . A subset D of (Y, {ϕN })
is said to be a F C-subspace of Y if for each N = {y0 , . . . , yn } ∈ hY i and for each
{yi0 , . . . , yik } ⊂ N ∩ D, ϕN (∆k ) ⊂ D where ∆k = co{eij : j = 0, . . . , k}.
In 2006, Ding added the following to [6, Def. 1.1]:
Definition 8.2. ([7], Def. 2.1) If A and B are two subsets of Y , B is said to be
a F C-subspace of Y relative to A if for each N = {y0 , . . . , yn } ∈ hY i and for any
{yi0 , . . . , yik } ⊂ A ∩ N , ϕN (∆k ) ⊂ B where ∆k = co{eij : j = 0, . . . , k}. If A = B,
then B is called a F C-subspace of Y .
Then Ding [7] wrote: “It is easy to see that the class of F C-spaces includes the
classes of convex sets in topological vector spaces, C-spaces (or H-spaces) [21], Gconvex spaces [48], L-convex spaces [2], and many topological spaces with abstract
convexity structure as true subclasses. Hence, it is quite reasonable and valuable
to study various nonlinear problems in F C-spaces.” Here he failed to give any
justification or any proper example of his space which is not G-convex.
The above definition and Ding’s claim have appeared also in [8-15,20,52,54],
and possibly more because one dozen of such papers on F C-spaces have appeared
already within two years. In these papers, known results in KKM theory on Gconvex spaces are restated or modified for the so-called F C-spaces. In order to
prevent such unnecessary efforts, something has to be done.
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Note that L-spaces, spaces having property (H), and F C-spaces have a family {φN } of continuous functions; see Section 9. Recall that our G-convex space
(X, D; Γ) is originated from the KKM principle [23] and the celebrated Ky Fan
lemma [19] from the beginning. The case X = D is not applicable to them and this
is the most serious defect of L-spaces or F C-spaces. Hence, they are inadequate
for the KKM theory.
Now Ding’s F C-subspace relative to some subset A in Definition 8.2 ([7], Def.
2.1) can be extended as follows:
Definition 8.3. Let (E, D; Γ) be a G-convex space and X ⊂ E, D0 ⊂ D. Then X
is called a Γ-convex subset of (E, D; Γ) relative to D0 if for any N ∈ hD0 i, we have
ΓN ⊂ X.
Recall that, for a G-convex space (E ⊃ D; Γ), we used to say that a subset X of
E is Γ-convex if, for any N ∈ hX ∩ Di, we have ΓN ⊂ X. This is now saying that
X is Γ-convex relative to D0 := X ∩ D.
Therefore, instead of using the concept of an F C-subspace of (Y, {ϕN }) relative
to A as in Definition 8.2 [7, Def. 2.1], we may use a Γ-convex subset of the G-convex
space (Y, D; Γ) relative to A ⊂ D. Any interested reader can check this matter in
all of [6-15,20,54].
For a topological space (X, T ), the compactly generated extension (or the kextension) Tk of the original topology T is a new topology of X finer than T such
that Tk is the collection of all compactly open [resp., compactly closed] subsets of
(X, T ). Note that the artificial terminology of compact interior, compact closure,
etc., are not practical and can be eliminated by switching the original topology of
the underlying space to its compactly generated extension; see [30].
Such inadequate artificial terminology was used in [4-8,10,15,20,54], but disappeared or withdrawed in [9,11-14].
Moreover, the topological structure in F C-space can be replaced by the minimal
structure with minor modification.
9. φA -spaces
Recently, we are concerned with particular subclasses or variants of G-convex
spaces as follows:
Definition 9.1. A space having a family {φA }A∈hDi or simply a φA -space
(X, D; {φA }A∈hDi )
consists of a topological space X, a nonempty set D, and a family of continuous
functions φA : ∆n → X (that is, singular n-simplexes) for A ∈ hDi with the
cardinality |A| = n + 1.
Similarly, a minimal φA -space can be defined whenever X is a minimal space.
Note that, by putting ΓA := φA (∆n ) for each A ∈ hDi, a φA -space becomes an
abstract convex space.
It is clear that any G-convex space is a φA -space. The converse also holds:
Theorem 9.2. Any φA -space (X, D; {φN }) can be made into a G-convex space
(X, D; Γ).
Proof. In fact, this can be done at least in three ways.
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(1) For each A ∈ hDi, by putting ΓA := X, we obtain a trivial G-convex space
(X, D; Γ).
(2) Let {Γα }α be the family of maps Γα : hDi → 2X giving a G-convex space
(X, D; Γα ). Note that, by (1), this family is not empty. Then, for each α and each
A ∈ hDi with |A| = n + 1, we have
Let Γ :=

T

α
φA (∆n ) ⊂ Γα
A and φA (∆J ) ⊂ ΓJ
T
α
α
α Γ , that is, ΓA =
α ΓA . Then

for J ⊂ A.

φA (∆n ) ⊂ ΓA and φA (∆J ) ⊂ ΓJ

for J ⊂ A.

Therefore, (X, D; Γ) is a G-convex space.
(3) Let N ∈ hDi with |N | = n + 1. For each M ∈ hDi with N ⊂ M , M =
{a0 , . . . , am } and N = {ai0 , . . . , ain }, there exists a subset φM (∆M
n ) of X such that
:=
co{e
|
j
=
0,
.
.
.
,
n}
⊂
∆
.
Now
let
∆M
ij
m
n
[
φM (∆M
ΓN = Γ(N ) :=
n ).
M ⊃N
X

Then Γ : hDi → 2 is well-defined and (X, D; Γ) becomes a G-convex space: In fact,
for each A ∈ hDi with |A| = n + 1, there exists a continuous map φA : ∆n → Γ(A)
such that J ∈ hAi implies φA (∆J ) ⊂ Γ(J).
¤
Therefore, G-convex spaces and φA -spaces are essentially same. Similarly, minimal G-convex spaces and minimal φA -spaces are also same.
Example 9.3. Let (∆3 , V ; {φN }) be a triple where φN (∆n ) = Γ(N ) as in Example
5.1(2). Then
φ{e0 ,e1 } (∆1 ) = φ{e0 ,e1 } (co {e0 , e1 }) = Γ{e0 , e1 } = co {e0 , e1 , e2 },
where we may assume φ{e0 ,e1 } is a surjective space-filling curve such that φ{e0 ,e1 } (e0 ) =
e0 and φ{e0 ,e1 } (e1 ) = e1 . Then it is easily checked that Γ itself is the one in the
proof (3) of Theorem 9.2 corresponding to {φN }.
From Theorem 9.1, contrary to Ding’s claim, we have the following:
Theorem 9.4. An FC-space (Y, {ϕN }) can be made into an L-space (Y ; Γ), a
particular type of G-convex spaces (Y, D; Γ).
Proof. In Definition 8.1 ([6], Def. 1.1), we can eliminate the case where some elements in N may be same. Then we can define a map Γ : hY i → Y as in the proof
of Theorem 9.1. Therefore, the so-called F C-spaces are L-spaces and hence very
particular forms of our G-convex spaces.
¤
Theorem 7.3 can be extended as follows:
Theorem 9.5. For a φA -space (X, D; {φA }), any map T : D → 2X satisfying
φA (∆J ) ⊂ T (J) for each A ∈ hDi and J ∈ hAi
is a KKM map on a G-convex space (X, D; Γ).
Proof. Define Γ : hDi → 2X by ΓA := T (A) for each A ∈ hDi. Then (X, D; Γ)
becomes a G-convex space. In fact, for each A with |A| = n+1, we have a continuous
function φA : ∆n → T (A) =: Γ(A) such that J ∈ hAi implies φA (∆J ) ⊂ T (J) =:
Γ(J). Moreover, note that ΓA ⊂ T (A) for each A ∈ hDi and hence T : D → 2X is
a KKM map on a G-convex space (X, D; Γ).
¤
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Note that every φA -space is a KKM space since it is a G-convex space. Note also
that, in the recent study on abstract convex spaces in [37-41], many basic theorems
on G-convex spaces are further generalized; and that all facts in this section can be
extended to minimal spaces.
Remark. This is a review article delivered at the NIMS Workshop. Parts of this
may appear somewhere else.
References
1. M. Alimohammady, M. R. Delavar, and M. Roohi, Knaster-Kuratowski-Mazurkiewicz theorem
in minimal generalized convex spaces, Nonlinear Func. Anal. Appl., to appear.
2. H. Ben-El-Mechaiekh, S. Chebbi, M. Florenzano, and J.-V. Llinares, Abstract convexity and
fixed points, J. Math. Anal. Appl. 222 (1998), 138–150.
3. L. Deng and X. Xia, Generalized R-KKM theorems in topological space and their applications,
J. Math. Anal. Appl. 285 (2003), 679–690.
4. X.P. Ding, Abstract convexity and generalizations of Himmelberg type fixed-point theorems,
Comp. Math. Appl. 41 (2001), 497–504.
5. X.P. Ding, Generalized L-KKM type theorems in L-convex spaces with applications, Comp.
Math. Appl. 43 (2002), 1240–1256.
6. X.P. Ding, Maximal element theorems in product FC-spaces and generalized games, J. Math.
Anal. Appl. 305 (2005), 29–42.
7. X.P. Ding, Generalized KKM type theorems in F C-spaces with applications (I), J. Glob.
Optim. 36 (2006), 581–596.
8. X.P. Ding, Generalized KKM type theorems in F C-spaces with applications (II), J. Glob.
Optim., DOI10.1007/s10898-006-9070-8.
9. X.P. Ding, Continuous selection, collectively fixed points and system of coincidence theorems
in product topological spaces, Acta Math. Sinica, English Ser. 22 (2006), 1629–1638.
10. X.P. Ding, Collective fixed points and a system of coincidence theorems in product F C-spaces
and applications, Nonlinear Anal. 66 (2007) 2604–2617.
11. X.P. Ding, Nonempty intersection theorems and generalized multi-objective games in product
F C-spaces, J. Glob. Optim. 37 (2007), 63–73.
12. X.P. Ding, Maximal elements of GKKM -majorized mappings in product F C-spaces and applications (I), Nonlinear Anal. 67 (2007) 963–973.
13. X.P. Ding, Maximal elements of GKKM -majorized mappings in product F C-spaces and applications (II), Nonlinear Anal. (2007), doi:10.1016/j.na.2006.10.025.
14. X.P. Ding, The generalized game and the system of generalized vector quasi-equilibrium problems in locally FC -uniform spaces, Nonlinear Anal. (2007), doi:10.1016/j.na.2006.12.003.
15. X.P. Ding, T.M. Ding, KKM type theorems and generalized vector equilibrium problems in
noncompact FC-spaces, J. Math. Anal. Appl. 331 (2007), 1230–1245.
16. X.P. Ding, Y.C. Liou, and J.C. Yao, Generalized R-KKM type theorems in topological spaces
with applications, Appl. Math. Letters 18 (2005), 1345–1350.
17. X.P. Ding, J.Y. Park, and I.H. Jung, Existence of solutions for nonlinear inequalities in
G-convex spaces, Appl. Math. Letters 15 (2002), 735–741.
18. X.P. Ding, J.C. Yao, and L.-J. Lin, Solutions of generalized vector quasi-equilibrium problems
in locally G-convex spaces, J. Math. Anal. Appl. 298 (2004), 398–410.
19. Ky Fan, A generalization of Tychonoff ’s fixed point theorem, Math. Ann. 142 (1961), 305–310.
20. M. Fang and N.-j. Huang, KKM type theorems with applications to generalized vector equilibrium problems in FC-spaces, Nonlinear Anal. 67 (2007) 809–817.
21. C.D. Horvath, Contractibility and generalized convexity, J. Math. Anal. Appl. 156 (1991),
341–357.
22. J. Huang, The matching theorems and coincidence theorems for generalized R-KKM mapping
in topological spaces, J. Math. Anal. Appl. 312 (2005), 374–382.
23. B. Knaster, K. Kuratowski, S. Mazurkiewicz, Ein Beweis des Fixpunktsatzes für nDimensionale Simplexe, Fund. Math. 14 (1929), 132–137.
24. M. Lassonde, On the use of KKM multifunctions in fixed point theory and related topics, J.
Math. Anal. Appl. 97 (1983), 151–201.

46

SEHIE PARK

25. H. Lu and D. Tang, An intersection theorem in L-convex spaces and applications, J. Math.
Anal. Appl. 312 (2005), 343–356.
26. S. Park, Some coincidence theorems on acyclic multifunctions and applications to KKM theory, Fixed Point Theory and Applications (K.-K. Tan, ed.), World Sci. Publ., River Edge,
NJ, 1992, pp. 248–277.
27. S. Park, Another five episodes related to generalized convex spaces, Nonlinear Funct. Anal.
Appl. 3 (1998), 1–12.
28. S. Park, Ninety years of the Brouwer fixed point theorem, Vietnam J. Math. 27 (1999), 193–
232.
29. S. Park, Elements of the KKM theory for generalized convex spaces, Korean J. Comput. &
Appl. Math. 7 (2000), 1–28.
30. S. Park, Remarks on topologies of generalized convex spaces, Nonlinear Func. Anal. Appl. 5
(2000), 67–79.
31. S. Park, New topological versions of the Fan-Browder fixed point theorem, Nonlinear Anal.
47 (2001), 595–606.
32. S. Park, New subclasses of generalized convex spaces, Fixed Point Theory and Applications
(Y.J. Cho, ed.), 91–98, Nova Sci. Publ., New York, 2000, pp.91–98.
33. S. Park, Coincidence, almost fixed point, and minimax theorems on generalized convex spaces,
J. Nonlinear Convex Anal. 4 (2003), 151–164.
34. S. Park, Comments on some fixed point theorems on generalized convex spaces, Fixed Point
Theory and Applications (Y. J. Cho et al., eds.) Vol. 6, Nova Sci. Publ., Huntington, NY,
2007.
35. S. Park, Remarks on concepts of generalized convex spaces, Fixed Point Theory and Applications (Y. J. Cho et al., eds.) Vol. 7, Nova Sci. Publ., Huntington, NY, 2007.
36. S. Park, A unified fixed point theory in generalized convex spaces, Acta Math. Sinica, English
Ser., to appear.
37. S. Park, On generalizations of the KKM principle on abstract convex spaces, Nonlinear Anal.
Forum 11 (2006), 67–77.
38. S. Park, Fixed point theorems on KC-maps in abstract convex spaces, Nonlinear Anal. Forum
11 (2006), 117–127.
39. S. Park, Remarks on KC-maps and KO-maps on abstract convex spaces, Nonlinear Anal.
Forum, to appear.
40. S. Park, Examples of KC-maps and KO-maps on abstract convex spaces, Soochow J. Math.,
to appear.
41. S. Park, Elements of the KKM theory on abstract convex spaces, J. Korean Math. Soc., to
appear.
42. S. Park, G-convex spaces, L-spaces, and F C-spaces, to appear.
43. S. Park, Equilibrium existence theorems in KKM spaces, to appear.
44. S. Park, On generalizations of the KKM principle on abstract convex minimal spaces, to
appear.
45. S. Park and H. Kim, Coincidences of composites of u.s.c. maps on H-spaces and applications,
J. Korean Math. Soc. 32 (1995), 251–264.
46. S. Park and H. Kim, Admissible classes of multifunctions on generalized convex spaces, Proc.
Coll. Natur. Sci., Seoul Nat. Univ. 18 (1993), 1-21.
47. S. Park and H. Kim, Coincidence theorems on admissible maps on generalized convex spaces,
J. Math. Anal. Appl. 197 (1996), 173–187.
48. S. Park and H. Kim, Foundations of the KKM theory on generalized convex spaces, J. Math.
Anal. Appl. 209 (1997), 551–571.
49. S. Park and W. Lee, A unified approach to generalized KKM maps in generalized convex
spaces, J. Nonlinear Convex Anal. 2 (2001), 157–166.
50. S. Reich and I. Shafrir, Nonexpansive iteration in hyperbolic spaces, Nonlinear Analysis 15
(1990), 537–558.
51. M.C. Sánchez, J.-V. Llinares, and B. Subiza, A KKM-result and an application for binary
and non-binary choice function, Econom. Th. 21 (2003), 185–193.
52. G.-S. Tang, Q.-B. Zhang and C.-Z. Cheng, W-G-F-KKM mapping, intersection theorems
and minimax inequalities in F C-space, J. Math. Anal. Appl. (2007), doi:10.1016/j.jmaa.
2007.01.040.

VARIOUS ABSTRACT CONVEX SPACES

47

53. G. X.-Z. Yuan, KKM Theory and Applications in Nonlinear Analysis, Marcel Dekker, Inc.,
New YOrk, 1999.
54. Q.-b. Zhang and C.-z. Cheng, Some fixed-point theorems and minimax inequalities in F Cspace, J. Math. Anal. Appl. 328 (2007), 1369–1377.
The National Academy of Sciences, Republic of Korea; and School of Mathematical
Sciences, Seoul National University, Seoul 151–747, Korea
E-mail address: shpark@math.snu.ac.kr; parkcha38@hanmail.net

