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Abstract

In this paper, we show that a number of known fixed point theorems for the Fan–Browde
maps or acyclic maps defined on (subsets of) hyperconvex metric spaces are simple consequ
the previously known theorems for corresponding maps defined on generalized convex spac
 2003 Elsevier Inc. All rights reserved.

1. Introduction

The notion of hyperconvex metric spaces (or simply, hyperconvex spaces) was
duced by Aronszajn and Panitchpakdi [1] in 1956. Later, in 1979, independently Si
and Soardi [3] proved that a bounded hyperconvex space has the fixed point property
nonexpansive maps. Since then many interesting works have appeared for hype
spaces. For the literature, see the end of this paper.

Until recently, the study of hyperconvex spacesconcentrated on their relationsh
with nonexpansive maps. However, Khamsi [4] established the Knaster–Kurato
Mazurkiewicz theorem (in short, KKM theorem) for hyperconvex spaces and applie
to obtain a Schauder type fixed point theorem. This line of study was followed by Kirk
Kirk and Shin [6], and Park [7–9]. In particular, the second author obtained extensio
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equivalent forms of the KKM theorem, a Fan–Browder type fixed point theorem, and
results for hyperconvex spaces in [7,8]. Moreover, Yuan [10], Isac and Yuan [11],
et al. [12], Tarafdar and Yuan [13] established the KKM theorem, its equivalent form
tions, fixed point theorems, and their applications for hyperconvex spaces.

However, most of the above-mentioned works are simple consequences of muc
general results. In fact, Horvath [14–18] initiated study of the KKM theory and fixed po
theory forC-spaces, which are meaningful generalizations of convex spaces or convex su
sets of topological vector spaces. Moreover, in [18], he found that hyperconvex spac
a particular type ofC-spaces and gave a useful selection theorem on l.s.c. multima
lated toC-spaces. Recently, this selection theoremwas extended by Ben-El-Mechaiekh a
Oudadess [19] following some ideas from the celebrated theory on continuous sele
due to Michael. On the other hand, the secondauthor [20–30] initiated study of genera
ized convex spaces orG-convex spaces, which properly include the class ofC-spaces and
a large number of spaces having particular type of abstract convexity.

In this paper, we show that many of the fixed point theorems for the Fan–Browde
maps or acyclic maps defined on (subsets of)hyperconvex metric spaces are simple con
quences of the previously known theorems for corresponding maps defined on generali
convex spaces. Consequently, we obtain generalized and improved versions of results
[6,10–13,31].

2. Preliminaries

A multimap(or simply, amap) F :X � Y is a function from a setX into the power se
2Y of Y ; that is, a function with thevaluesF(x) ⊂ Y for x ∈ X and thefibersF−(y) :=
{x ∈ X | y ∈ F(x)} for y ∈ Y . For A ⊂ X, let F(A) := ⋃{F(x) | x ∈ A}. Throughout
this paper, we assume that multimaps have nonempty values otherwise explicitly stated
obvious from the context.

For topological spacesX andY , a multimapF :X � Y is said to beupper semicontin
uous(u.s.c.) (respectively,lower semicontinuous(l.s.c.)) if for each closed (respective
open) setB ⊂ Y , F−(B) = {x ∈ X | F(x) ∩ B �= ∅} is closed (respectively, open) inX.

A metric space(H,d) is said to behyperconvexif⋂
α

B(xα, rα) �= ∅

for any collection{B(xα, rα)} of closed balls inH for whichd(xα, xβ) � rα + rβ .

It is known that the spaceC(E) of all continuous real functions on a Stonian spaceE

(that is, an extremely disconnected compact Hausdorff space) with the usual norm is
convex, and that every hyperconvex real Banach space is a spaceC(E) for some Stonian
spaceE. Therefore,(Rn,‖ · ‖∞), l∞, andL∞ are concrete examples of hyperconv
spaces.

Results of Aronszajn and Panitchpakti [1, Theorem 1′] and Isbell [32, Theorem 1.1] ar
combined in the following

Theorem 2.1. A hyperconvex space is complete and( freely) contractible.
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The concepts ofC-spaces,LC-spaces, andLC-metric spaces were introduced and
tensively studied by Horvath in a sequence of papers [14–18]:

A C-space(X,Γ ) is a topological spaceX with a multimapΓ : 〈X〉 � X from the set
〈X〉 of all nonempty finite subsets ofX into the power set ofX such that

(1) for eachA ∈ 〈X〉, Γ (A) = ΓA is n-connected for alln � 0; and
(2) for all A,B ∈ 〈X〉, A ⊂ B impliesΓA ⊂ ΓB .

A nonempty subsetY ⊂ X is said to beΓ -convexif A ∈ 〈Y 〉 impliesΓA ⊂ Y .
A C-space(X,Γ ) is called anLC-space(or a locally H -convex space[33]) if X is a

Hausdorff uniform space and there exists a basis{Vλ}λ∈I for the uniform structure suc
that for eachλ ∈ I , {x ∈ X | E ∩ Vλ[x] �= ∅} is Γ -convex wheneverE ⊂ X is Γ -convex,
where

Vλ[x] = {
x ′ ∈ X | (x, x ′) ∈ Vλ

}
.

For example, any nonempty convex subsetX of a locally convex Hausdorff topologica
vector space is anLC-space withΓA = coA, the convex hull ofA ∈ 〈X〉.

A triple (X,d;Γ ) is called anLC-metric spacewhenever(X,d) is a metric space an
(X,Γ ) is a C-space such that open balls areΓ -convex, and any neighborhood{x ∈ X |
d(x,Y ) < r} of a Γ -convex setY ⊂ X is alsoΓ -convex.

Horvath [7, Theorem 9] obtained the following

Theorem 2.2. Any hyperconvex spaceH is a complete LC-metric space with

Γ (A) = ΓA :=
⋂

{B | B is a closed ball containingA}
for eachA ∈ 〈H 〉.

Note thatΓA itself is hyperconvex. From now on, a hyperconvex space(H,d;Γ ) is
simply denoted byH , and BI(H) denotes the set of nonempty closed ball intersect
in H . Elements of BI(H) are sometimes calledadmissible subsetsof H ; see [4].

3. Better admissible maps on G-convex spaces

A generalized convex spaceor a G-convex space(X,D;Γ ) consists of a topologica
spaceX, a nonempty setD, and a multimapΓ : 〈D〉 � X such that for eachA ∈ 〈D〉 with
the cardinality|A| = n + 1, there exists a continuous functionφA :∆n → Γ (A) such that
J ∈ 〈A〉 impliesφA(∆J ) ⊂ Γ (J ).

Here, 〈D〉 denotes the set of all nonempty finite subsets ofD, ∆n an n-simplex
with vertices {vi}ni=0, and ∆J the face of∆n corresponding toJ ∈ 〈A〉; that is, if
A = {a0, a1, . . . , an} andJ = {ai0, ai1, . . . , aik } ⊂ A, then∆J = co{vi0, vi1, . . . , vik }. We
may writeΓA = Γ (A) for eachA ∈ 〈D〉 and, in case to emphasizeX ⊃ D, (X,D;Γ ) will
be denoted by(X ⊃ D;Γ ); and ifX = D, then(X ⊃ X;Γ ) by (X;Γ ).
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It should be noted thatφA depends onA ∈ 〈D〉. Hence, for example, for anyA,J in 〈D〉,
if A ⊃ J as above,φA|∆J :∆J → Γ (J ) might be different fromφJ :∆k � Γ (J ). In case
when the family{φA}A∈〈D〉 can be so chosen that for anyA ⊃ J as above, we have

φA

(
k∑

j=0

λj vij

)
= φJ

(
k∑

j=0

λjvj

)
for anyλj � 0,

k∑
j=0

λj = 1;

then we can putΓ (A) = φA(∆n) for all A ∈ 〈D〉.
For aG-convex space(X ⊃ D;Γ ), a subsetY ⊂ X is said to beΓ -convexif for each

N ∈ 〈D〉, N ⊂ Y implies ΓN ⊂ Y ; and for a nonempty setZ ⊂ X, its Γ -convex hullis
defined by

Γ - co(Z) =
⋂

{A ⊂ X | A is aΓ -convex subset ofX containingZ}.
For aG-convex space(X;Γ ) andZ ⊂ X, it is easily seen that

Γ - co(Z) :=
⋃{

Γ - co(A) | A ∈ 〈Z〉}.
Examples ofG-convex spaces can be found in [20–23,27] and references therein

Theorem 3.1. Let (X,D;Γ ) be aG-convex space, andS : D � X, T :X � X two maps
satisfying

(1) for eachz ∈ D, S(z) is open(respectively, closed);
(2) for eachy ∈ X, M ∈ 〈S−(y)〉 impliesΓM ⊂ T −(y); and
(3) X = S(N) for someN ∈ 〈D〉.

ThenT has a fixed pointx0 ∈ X; that is,x0 ∈ T (x0).

Theorem 3.1 is obtained in [25] and applied to various forms of the Fan–Browde
orem, the Ky Fan intersection theorem, and the Nash equilibrium theorem forG-convex
spaces.

From Theorem 3.1, we deduced the following [26]

Theorem 3.2. Let (X ⊃ D;Γ ) be aG-convex space andA :X � X be a multimap such
thatA(x) is Γ -convex for eachx ∈ X. If there existz1, z2, . . . , zn ∈ D and nonempty ope
(respectively, closed) subsetsGi ⊂ A−(zi) for i = 1,2, . . . , n such thatX = ⋃n

i=1 Gi , then
A has a fixed point.

Let (X,D;Γ ) be aG-convex space andY a topological space. We definethe better
admissible classB of multimaps fromX into Y as follows [22,24]:

F ∈ B(X,Y ) ⇔ F :X � Y is a multimap such that for anyN ∈ 〈D〉 with |N | = n + 1
and any continuous mapp :F(ΓN) → ∆n, the composition

∆n
φN→ ΓN

F |ΓN� F(ΓN)
p→ ∆n

has a fixed point.
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For any topological spaceE and aG-convex space(X,D;Γ ), a mapT :E � X is
called aΦ-mapif there exists a mapS :E � D such that

(i) for eachy ∈ E, M ∈ 〈S(y)〉 impliesΓM ⊂ T (y); and
(ii) E = ⋃{IntS−(x) | x ∈ D}.

The concept ofΦ-maps is originated from Horvath [14] and motivated by the work
Fan and Browder; see [22]. Hence theΦ-maps are usually called the Fan–Browder ma

It is known that ifE is a Hausdorff compact space, thenT has a continuous selectio
f :E � X (that is,f (x) ∈ T (x) for all x ∈ E) [20]. Therefore, aΦ-map belongs toB if
its domain is Hausdorff.

For a particular type ofG-convex spaces, we can establish fixed point theorems fo
classB as follows.

A G-convex space(X,D;Γ ) is called aΦ-spaceif X is a Hausdorff uniform space an
for each entourageV there is aΦ-mapT :X � X such that Gr(T ) ⊂ V . This concept is
originated from Horvath [14], where a number of examples were given.

The following is our main result of [22] whose proof is given here for the completen

Theorem 3.3. Let (X,D;Γ ) be aΦ-space andF ∈ B(X,X). If F is closed and compac
thenF has a fixed point.

Proof. LetV = {Vλ}λ∈I be a basis of the Hausdorff uniform structure ofX. LetK = F(X)

be the closure of the range ofF . Since(X,D;Γ ) is a Φ-space, for eachλ ∈ I , there is
a Φ-mapTλ :X � X such that Gr(Tλ) ⊂ Vλ. SinceK is compact, it is known thatTλ|K
has a continuous selectionfλ :K → ΓN for someN ∈ 〈D〉 such thatfλ = φN ◦ p, where
p : K → ∆n is a continuous map; see [20]. SinceF ∈ B(X,K), the composition

∆n
φN→ ΓN

F |ΓN� F(ΓN) ⊂ K
p→ ∆n

has a fixed pointaλ ∈ ∆n; that is,aλ ∈ (p ◦ F ◦ φN)aλ. Hence,

xλ := φN(aλ) ∈ (φN ◦ p ◦ F)xλ = (fλ ◦ F)xλ

and there existsyλ ∈ F(xλ) ⊂ K such thatxλ = fλ(yλ) ∈ Tλ(yλ); that is,(xλ, yλ) ∈ Vλ.
Therefore

(xλ, yλ) ∈ Vλ ∩ Gr(F ) ⊂ X × K.

Since K is compact, we may assume that{yλ}λ∈I converges to somex0 ∈ K. Since
(xλ, yλ) ∈ Vλ for all λ ∈ I , {xλ}λ∈I also converges tox0 ∈ K. SinceF is closed and
(xλ, yλ) ∈ Gr(F ), we should have(x0, x0) ∈ Gr(F ). Therefore,F has a fixed poin
x0 ∈ K . �

Particular forms of Theorem 3.3 were known by Horvath [14] and Park and Kim
In [21–24], it was shown that Theorem 3.3 subsumes a large number of fixed point
rems related to approachable maps onG-convex spaces, acyclic maps on locallyG-convex
spaces, and Kakutani maps onΦ-spaces and on hyperconvex spaces.
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4. Fan–Browder maps on hyperconvex spaces

The following is a version of Theorem 3.2 for hyperconvex spaces.

Theorem 4.1. Let H be a hyperconvex space andA :H � H a multimap. If there exist
y1, y2, . . . , yn ∈ H and open(respectively, closed) subsetsGi ⊂ A−(yi) for i = 1,2, . . . , n

such thatH = ⋃n
i=1 Gi , then there exists a pointx0 such thatx0 ∈ Γ (A(x0)), where

Γ (A(x0)) is the closed ball intersection containingA(x0).

Note that ifA has admissible values (that is, values are closed ball intersection
Theorem 4.1, thenA has a fixed point.

For the caseH itself is compact, particular forms of Theorem 4.1 appear in [7, T
orem 3], [10, Theorems 3.3–3.6], [11, Theorems 3.2, 3.3, 4.6], [12, Theorem 3.1, C
lary 3.6], and [13, Theorems 3.3–3.6, Corollary 4.8].

The following is a dual form of Theorem 4.1.

Theorem 4.2. Let H be a hyperconvex space andB :H � H a multimap. If there exis
x1, x2, . . . , xn ∈ H and open(respectively, closed) subsetsGi ⊂ B(xi) for i = 1,2, . . . , n

such thatH = ⋃n
i=1 Gi , then there exists a pointx0 such thatx0 ∈ Γ (B−(x0)).

Proof. PutA := B− andA− := B in Theorem 4.1. �
Note that, ifB− has admissible values, thenB has a fixed point.
Particular forms of Theorem 4.2 are given in [10, Theorems 3.1, 3.2], [11, Theorem

and [13, Theorems 3.1, 3.2].
The following is a Ky Fan type matching theorem.

Theorem 4.3. Under the hypothesis of Theorem4.2, there exist a finite subset{y1, y2,

. . . , yr} ⊂ H andx0 ∈ Γ ({y1, y2, . . . , yr}) such thatx0 ∈ ⋂r
j=1 B(yj ).

Proof. By Theorem 4.2, there exists a pointx0 ∈ Γ (B−(x0)). SinceΓ (B−(x0)) is a
Γ -convex hull, there exists a finite subset{y1, y2, . . . , yr} ⊂ B−(x0) such thatx0 ∈
Γ ({y1, y2, . . . , yr }). Hence we haveyj ∈ B−(x0) or x0 ∈ B(yj ) for all j = 1,2, . . . , r. �

Particular forms appear in [10, Theorem 4.4, Corollary 4.5].
The following is already known [9, Theorem 5.5], [21, Theorem 8].

Theorem 4.4. LetH be a hyperconvex space andS,T :H � H two maps such that

(1) for eachx ∈ H , N ∈ 〈S(x)〉 impliesBI(N) ⊂ T (x); and
(2) H = ⋃{IntS−(y) | y ∈ H }.

If T is compact, thenT has a fixed point.
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In this section, we show that the recent fixedpoint results in [31] and others are simp
consequences of Theorem 3.3.

Recall that for a hyperconvex spaceH = (H,d;Γ ), a subsetA ∈ BI(H) is said to be
admissible[4]. A nonempty subsetA ⊂ H is said to besub-admissible[31] if for each
finite subsetN of A, we haveΓN ⊂ A.

As aG-convex spaceH = (H ;Γ ), a sub-admissible subsetA is simplyΓ -convex, and
hence is aG-convex space. Moreover, we have

Lemma 5.1. Every sub-admissible subsetX of a hyperconvex spaceH is aΦ-space.

Proof. Note that X is a metric subspace ofH . For any λ > 0, we give aΦ-map
T :X � X such thatd(x, y) � λ for all x ∈ X andy ∈ T (x). DefineT (x) := {y ∈ X |
d(x, y) � λ} for x ∈ X. Then for eachM ∈ 〈T (x)〉, we haveΓM ⊂ T (x). In fact,
ΓM = ⋂{B | B is a closed ball containingM} ⊂ T (x) = B(x,λ). Moreover, for each
x ∈ X, there existsy ∈ X such thatd(x, y) < λ (since we can choosey := x). Therefore

x ∈ {
x ∈ X | d(x, y) < λ

} ⊂ IntX T −(y) ⊂ T −(y)

showsX = ⋃{IntX T −(y) | y ∈ X}. This completes our proof.�
From Theorem 3.3 and Lemma 5.1, we have the following

Theorem 5.1. LetX be a sub-admissible subset of a hyperconvex spaceH . Then any closed
compact mapF ∈ B(X,X) has a fixed point.

For topological spacesX andY , we adopt the following:

F ∈ V(X,Y ) ⇔ F :X � Y is an acyclic map; that is, an upper semicontinuous m
timap with compact acyclic values.

It is well known thatV is one of the typical examples ofB; see [22]. Now we show
that Theorem 5.1 subsumes all of the results in [31]. First, we have the following
Theorem 2.1]

Corollary 5.1. LetH be a hyperconvex space andX a sub-admissible subset ofH . Suppose
thatF is an upper semicontinuous map with closed acyclic values fromX into a compact
subset ofX. ThenF has a fixed point.

From Theorem 2.1, we have the following

Lemma 5.2. Every admissible subsetX of a hyperconvex spaceH is hyperconvex and
contractible.

The following lemma is given in [31, Proposition 1.4].
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Lemma 5.3. Every compact sub-admissible subsetX of a hyperconvex spaceH is admis-
sible.

From Corollary 5.1, we deduce the following [31, Theorem 2.2]

Corollary 5.2. LetH be a hyperconvex space andX a sub-admissible subset ofH . Suppose
thatF is an upper semicontinuous multimap with closed sub-admissible values fromX into
a compact subset ofX. ThenF has a fixed point.

Proof. By Lemma 5.3, the values ofF are admissible subsets ofH , and hence by
Lemma 5.2, are contractible. Since every contractible subset is acyclic, the conc
follows from Corollary 5.1. �

In [31], its authors assumed the closedness ofX in Corollary 5.2, which is redundant.
We need the following [9, Theorem 3.2]

Lemma 5.4. Let X be a metric space,A ⊂ X with dimX A � 0, H a hyperconvex space
and F :X � H a lower semicontinuous map with closed values such thatF(x) is sub-
admissible forx /∈ A. ThenF admits a continuous selection.

In view of Lemma 5.4, the above fixed point results can be applied to coincidence

Corollary 5.3. LetX be a sub-admissible subset of a hyperconvex spaceH , Y a nonempty
subset of a hyperconvex spaceH ′, andZ ⊂ X be nonempty compact subset. Suppose
F :X � Y is a lower semicontinuous map with closed sub-admissible values and
T :Y � Z is an upper semicontinuous map with closed sub-admissible values. Then
is a pointx̄ ∈ T (ȳ) and ȳ ∈ F(x̄).

Proof. Note thatF :X � Y ⊂ H has a continuous selectionf :X → Y by Lemma 5.4
(with A = ∅). ThenT ◦ f :X � Z is a compact upper semicontinuous multimap w
closed sub-admissible values. Hence, by Corollary 5.2, we have a fixed pointx̄ ∈ (T ◦
f )(x̄). Let ȳ = f (x̄). Thenx̄ ∈ T (ȳ) andȳ ∈ T (x̄). �

In [31, Theorem 2.3], its authors assumed the closedness ofX, which is redundant
Note that [31, Theorem 2.4] is a similar application of Corollary 5.1 to another co
dence theorem. Moreover, these two coincidence theorems are used to obtain two m
results, which might be already known in a more general setting in the frame ofC-spaces
or G-convex spaces.

The following corollary is known [9, Corollary 4.5], [21, Theorem 7].

Corollary 5.4. LetH be a hyperconvex space andF :H � H a compact map with close
sub-admissible values. IfΦ is u.s.c. or l.s.c., thenF has a fixed point.

In order to add another related results, we need the following well-known fact.
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Lemma 5.5. Let F,G :X � Y be two maps for topological spacesX and Y such that
F(x) ∩ G(x) �= ∅ for all x ∈ X. If

(1) F is upper semicontinuous atx0 ∈ X;
(2) F(x0) is compact; and
(3) G is closed;

then the multimapF ∩ G :x �→ F(x) ∩ G(x) is upper semicontinuous atx0 ∈ X.

The following corollary generalizes [6, Corollary 3.5].

Corollary 5.5. Let H be a hyperconvex space andX a closed sub-admissible subset. L
F :X � H be a compact upper semicontinuous multimapwith closed sub-admissible va
ues such thatF(x) ∩ X �= ∅ for all x ∈ X. ThenF has a fixed point.

Proof. Note thatX is closed inH . Let G :X � H be the constant multimap defined
G(x) := X for all x ∈ X. ThenG has closed graph Gr(G) = X × X in X × H . Then by
Lemma 5.5, the mapF ∩ G :X � X is upper semicontinuous with nonempty closed s
admissible valuesF(x) ∩ X for x ∈ X. Moreover, the map is also compact. Therefo
by Corollary 5.2, it has a fixed pointx0 ∈ (F ∩ G)(x0) = F(x0) ∩ X; that is,x0 ∈ X and
x0 ∈ F(x0). This completes our proof.�

Since any admissible set is sub-admissible, we immediately have the followin
tremely particular case of Corollary 5.5.

Corollary 5.6. Let H be a hyperconvex space,X a compact admissible subset ofH , and
F :X � H an upper semicontinuous map with admissible values for whichF(x) ∩ X �= ∅
for all x ∈ X. ThenF has a fixed point.

Note that Kirk and Shin [6, Corollary 3.5] obtained the above result for a contin
mapF and boundedH , and they asked whether their result remains true under the ass
tion thatF is upper semicontinuous rather than continuous. Consequently Corolla
answers this question affirmatively.

The following corollary is due to Yuan [31, Theorem 1.1].

Corollary 5.7. Let H be a hyperconvex space andX a compact admissible subset ofH .
Suppose thatF : X � X is an upper semicontinuous map having admissible values.
F has a fixed point.
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