FIXED POINTS, ROBERTS SPACES,
AND THE COMPACT AR PROBLEM

Sehie Park
Abstract. We discuss current state of research related to some well-known
problems in inﬁnite dimensional topology—the Schauder conjecture, the compact AR problem, and the Banach problem of whether every inﬁnite dimensional compact convex subset X of a metrizable t.v.s. is homeomorphic to the
Hilbert cube. We give aﬃrmative answers to the second and third problems.
Moreover, for every such X, we show that a closed multimap F ∈ B(X, X) has
a ﬁxed point, where B denotes the class of the better admissible multimaps.
Our new results are applied to Roberts spaces. Some related problems are
also discussed.

It is well-known that, in a locally convex Hausdorﬀ t.v.s., any compact
convex subset has the ﬁxed point property (by Tychonoﬀ) and has extreme
points (by Krein-Milman).
For a long period it was not known whether it was true in every t.v.s. that
every compact convex subset has the ﬁxed point property (the Schauder
conjecture) or an extreme point (see [25]).
In 1977, Roberts [24] constructed a striking example of compact convex
sets without any extreme points providing a counter-example to the Krein–
Milman theorem for a non-locally convex t.v.s. Nguyen To Nhu et al. [16,17]
showed that all Roberts spaces – that is, compact convex sets with no extreme
points constructed by Roberts’ method of needle point spaces – have the
ﬁxed point property; and moreover, that the original example constructed
by Roberts is an AR.
In 2001, Robert Cauty obtained the aﬃrmative solution to the Schauder
conjecture as follows:
2000 Mathematics Subject Classiﬁcation. 47H10, 54H25.
Key words and phrases. The Schauder conjecture, AR problem, convexly totally
bounded, Kakutani map, (weakly) admissible set.
Typeset by AMS-TEX

1

2

SEHIE PARK

Theorem 1. [3] Let E be a Hausdorﬀ topological vector space, C a convex
subset of E, and f a continuous function from C into C. If f (C) is contained
in a compact subset of C, then f has a ﬁxed point.
Now, we review some known general ﬁxed point theorems. Single-valued
functions will be denoted by f : X → Y , for example, and multimaps or
set-valued maps by F : X ( Y and are called simply maps. In this paper,
all t.v.s. are assumed to be Hausdorﬀ, and all metric spaces are separable.
A polytope P in a t.v.s. E is a nonempty compact convex subset of E
contained in a ﬁnite dimensional subspace of E.
Let V be a fundamental system of neighborhoods of 0 in a t.v.s. E.
A nonempty subset X of a t.v.s. E is said to be admissible (in the sense
of Klee) provided that, for every compact subset K of X and every V ∈ V,
there exists a continuous function h : K → X such that x − h(x) ∈ V for all
x ∈ K and h(K) is contained in a polytope in X.
Note that every nonempty convex subset of a locally convex t.v.s. is admissible. Examples of admissible t.v.s. are lp , Lp , the Hardy spaces H p for
0 < p < 1, the space S(0, 1) of equivalence classes of measurable functions
on [0, 1], and others. Moreover, any locally convex subset of an F -normable
t.v.s. and any compact convex locally convex subset of a t.v.s. is admissible.
Note that an example of a nonadmissible nonconvex compact subset of the
Hilbert space l2 is known. For details, see Hadžić [9], Weber [26,27], and
references therein.
Let X and Y be topological spaces. An admissible class Aκc (X, Y ) of
maps T : X ( Y is one such that, for each compact subset K of X, there
exists a map S ∈ Ac (K, Y ) satisfying S(x) ⊂ T (x) for all x ∈ K; where Ac
is consisting of ﬁnite compositions of maps in A, and A is a class of maps
satisfying the following properties:
(i) A contains the class C of (single-valued) continuous functions;
(ii) each F ∈ Ac is upper semicontinuous and compact-valued; and
(iii) for each polytope P , each F ∈ Ac (P, P ) has a ﬁxed point, where the
intermediate spaces of compositions are suitably chosen for each A.
Examples of A are continuous functions C, the Kakutani maps K (with
convex values and codomains are convex sets), the Aronszajn maps M (with
Rδ values), the acyclic maps V (with compact acyclic values), the Powers
maps Vc , the O’Neil maps N (continuous with values of one or m acyclic components, where m is ﬁxed), the approachable maps A (whose domains and
codomains are subsets of uniform spaces), admissible maps of Górniewicz, σselectionable maps of Haddad and Lasry, permissible maps of Dzedzej, and
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others. Further, the Fan-Browder maps (domains are Hausdorﬀ, codomains
are convex sets, nonempty convex values and open ﬁbers), K+
c due to Lasκ
sonde, V+
due
to
Park
et
al.,
and
approximable
maps
A
due
to Ben-Elc
κ
Mechaiekh and Idzik are examples of Ac . For the literature, see [21-23].
For a subset X of a t.v.s. E, we deﬁned the “better” admissible class B of
maps as follows:
F ∈ B(X, Y ) ⇐⇒ F : X ( Y is a map such that for any polytope P in X
and any continuous function f : F (P ) → P , the composition f (F |P ) : P ( P
has a ﬁxed point.
Note that Aκc (X, Y ) ⊂ B(X, Y ) for a subset X of a t.v.s. E, and some
examples of maps in B not belonging to Aκc are known. It is also known that
closed maps in the KKM class due to Chang and Yen or, more generally, in
the s-KKM class due to Chang et al. belong to B.
The following ﬁxed point theorems were obtained in 1990’s by the author
[21,22]:
Theorem 2. Let E be a t.v.s. and X an admissible compact convex subset
of E. Then any map T ∈ Aκc (X, X) has a ﬁxed point.
Theorem 3. Let E be a t.v.s. and X an admissible convex subset of E.
Then any compact closed map T ∈ B(X, X) has a ﬁxed point.
It is not known whether the admissibility of X can be eliminated in Theorems 2 and 3. If so, then these results would be far-reaching generalizations
of the Cauty theorem.
However, for Kakutani maps, Dobrowolski [6] obtained recently variants
of Theorem 2 or 3 as follows:
Theorem 4. [6] Let E be a t.v.s. and X a compact convex subset of E.
Then any map T ∈ K(X, X) has a ﬁxed point.
Theorem 5. [6] Let E be a metrizable t.v.s. and X an convex subset of E.
Then any compact closed map T ∈ K(X, X) has a ﬁxed point.
More early, in 1996, Nguyen To Nhu [15] deﬁned the notion of weakly
admissible compact convex subsets of a metrizable t.v.s. and showed that
such subsets have the ﬁxed point property.
Arandelović [1] extended the notion of weak admissibility to arbitrary
t.v.s. and gave a non-metrizable extension of Nhu’s result as follows:
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Let E be a t.v.s. and X ⊂ E a nonempty closed convex subset of E.
We say that X is weakly admissible if for every V∪∈ V there exist closed
n
convex subsets X1 , X2 , · · · , Xn of X with X = co ( i=1 Xi ) and continuous
functions fi : Xi → X ∩ L,∑
i = 1, 2, · · · , n, where L is a ﬁnite dimensional
n
subspace of E, such that
i=1 (fi (xi ) − xi ) ∈ V for every xi ∈ Xi and
i = 1, 2, · · · , n.
Recall the following two theorems:
Theorem 6. [15,1] Let X be a weakly admissible, compact convex subset of
a t.v.s. Then X has the ﬁxed point property.
The Cauty theorem [3] implies that the weak admissibility of X in Theorem 6 is redundant.
In 2001, Theorem 6 was generalized as follows:
Theorem 7. [20] Let X be a weakly admissible compact convex subset of a
t.v.s. Then every Kakutani map F : X ( X has a ﬁxed point.
Note that, in view of Theorem 4, Theorem 7 holds without assuming the
weak admissibility of the domain X.
We adopt the following in [12]: An inﬁnite dimensional compact convex
subset K of a t.v.s. E is said to have the simplicial approximation property
if for every V ∈ V there exists a ﬁnite dimensional compact convex set K0
in K such that if S is any ﬁnite dimensional simplex in K then there exists
a continuous function ψ : S → K0 with ψ(x) − x ∈ V for all x ∈ S.
The following is known by Kalton, Peck, and Roberts [12, Theorem 9.8]:
Lemma 1. [12] If K is an inﬁnite dimensional compact convex set in an
F-space, then the following are equivalent:
(i) K has the simplicial approximation property.
(ii) If ϵ > 0, there exists a simplex S in K and a continuous function
r : K → S such that ∥r(x) − x∥ < ϵ for every x ∈ K.
In 2003, Dobrowolski [5] obtained the following:
Lemma 2. [5] Every compact convex subset K of a metrizable t.v.s. E has
the simplicial approximation property.
Note that Lemma 2 is the aﬃrmative answer to Problem 9.5 in [12] and
was given by Nhu [15] when K is weakly admissible.
Actually, Lemma 2 is the main result of [5] with a proof of almost 25 pages
and it was assumed that E is separable and has an F -norm ∥ · ∥. In fact, it
is known that any metrizable t.v.s. can be equipped an F -norm ∥ · ∥ such
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that ∥λx∥ ≤ ∥ x∥ for x ∈ X and λ ∈ R with |λ| ≤ 1. Note that K can be
embedded in the completion Ê of E and Ê is an F -space. Since K has the
simplicial approximation property, it is admissible by Lemma 1 (ii).
Therefore, we have the following equivalent form of Lemma 2.
Lemma 3. Every compact convex subset K of a metrizable t.v.s. E is admissible.
Combining Lemma 3 with Theorems 2 and 3, we have
Theorem 8. Let K be a compact convex subset of a metrizable t.v.s. Then
every map T ∈ Aκc (K, K) or every closed map T ∈ B(K, K) has a ﬁxed
point.
Recall that Dobrowolski [5] gave a proof of a particular case of Theorem 8
(and the Cauty theorem) for f = T ∈ C(K, K). As we have seen in Theorem
4, Dobrowolski [6] showed that Theorem 8 for T ∈ K(K, K) holds for a t.v.s.
without assuming metrizability.
Comparing Theorem 8 with Theorems 2–5, we raise the following problem:
Does Theorem 8 hold for any t.v.s. other than metrizable one?
For Roberts spaces, we know the following:
Lemma 4. [24] In every metrizable complete needle point space E a compact
convex subset KR without extreme points can be constructed.
In [15], Nhu observed that all Roberts spaces are ‘small generated’ and
weakly admissible, and asked:
Is every (small generated) compact convex subset K of a metrizable t.v.s.
weakly admissible?
In virtue of Lemma 3, K itself is admissible and hence, so is KR in Lemma
4.
From Theorem 8, we obtain
Theorem 9. For every Roberts space X = KR , a map T ∈ Aκc (X, X) or a
closed map T ∈ B(X, X) has a ﬁxed point.
K.

Note that Nhu et al. [17] obtained Theorem 9 for C, and Okon [18,19] for

Recall that, in 1960, Klee [13,14] showed that any admissible compact
convex subset of a metrizable t.v.s. is an AR. Therefore, in virtue of Lemma
3, simply we have the aﬃrmative solution to the long-standing compact AR
problem as follows:
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Theorem 10. A compact convex subset K of a metrizable t.v.s. is an AR.
Corollary. Any Roberts space is an AR.
This is given for the original Roberts space by Nhu et al. [16].
Moreover, by the so-called generalized Schauder ﬁxed point theorem [8,
p.94] that every compact continuous single-valued selfmap of an AR space
has a ﬁxed point, we have a particular form of Theorem 9:
Corollary. [17] Every Roberts space has the ﬁxed point property.
Moreover, from Theorem 10 we have the following resolution of the Banach
problem:
Theorem 11. An inﬁnite-dimensional compact convex subset K of a metrizable t.v.s. is homeomorphic to the Hilbert cube Q.
Proof. Dobrowolski and Toruńczyk [7] showed that K is homeomorphic to
Q if it is an AR.
Theorem 11 gives also the aﬃrmative answer to Problem 9.6 of [12]. Moreover, we have
Corollary. Every Roberts space is homeomorphic to Q.
We may compare Theorem 11 with the following well-known result:
Theorem 12. (Keller-Klee) Every metrizable inﬁnite-dimensional compact
convex subset K of a locally convex t.v.s. is homeomorphic to Q.
Kalton, Peck, and Roberts [12, p.218] noted that if a compact convex set
is homeomorphic to the Hilbert cube then it has the simplicial approximation
property. In other words, Theorem 11 =⇒ Lemma 2. Recall that we followed
Lemma 2 =⇒ Lemma 3 =⇒ Theorem 10 =⇒ Theorem 11. Therefore, in
certain sense, those four statements are equivalent to each other.
Finally, we consider another general ﬁxed point result related to the notion
of convexty totally bounded (simply, c.t.b.) subsets due to Idzik [10], who
established some (almost) ﬁxed point theorems for Kakutani maps having
relatively compact c.t.b. ranges.
A subset of a t.v.s. E is said to be convexly totally bounded if for every
V ∈ V, there exist a ﬁnite subset {xi }ni=1 ⊂∪B and a ﬁnite family of (open)
n
convex subsets {Ci }ni=1 of V such that B ⊂ i=1 (xi + Ci ). Note that, in the
above deﬁnition, {xi } can be chosen in E; see Idzik and Park [11].
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Idzik [10] gave examples of c.t.b. sets as follows:
(1) Every compact set in a locally convex t.v.s.
(2) Any compact set which is locally convex or of the Zima type.
Further examples are given in [4] as follows:
(3) Every compact convex subset of E = lp , 0 < p < 1.
(4) More generally, every compact convex subset of a t.v.s. E on which
E ∗ separates points.
For more examples, see [4,26,27]. Later Idzik asked:
Is a c.t.b. compact convex subset admissible?
Note that in [4], examples of admissible sets which are not c.t.b. were
given.
More recently, Arandelović [1] asked:
Is a c.t.b. compact convex subset weakly admissible?
Recall that a subset Y of a t.v.s. E is said to be almost convex if for any
neighborhood V of the origin 0 in E and for any ﬁnite subset {y1 , y2 , · · · , yn }
of Y , there exists a ﬁnite subset {z1 , z2 , · · · , zn } of Y such that zi − yi ∈ V
for each i = 1, 2, · · · , n and co{z1 , z2 , · · · , zn } ⊂ Y ; see [10].
The following well-known result is due to Idzik [10]:
Theorem 13. [10] Let E be a Hausdorﬀ t.v.s., X an almost convex subset
of E, and T ∈ K(X, X). If T (X) is a compact c.t.b. subset of X, then T has
a ﬁxed point.
Note that this theorem has been a rich source of a lot of problems and has
neither an elementary proof nor a generalization yet.
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