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ADbstract—Using a fixed-point theorem for compact approximable maps defined on an admisssible
convex subset of a topological vector space, we prove Leray-Schauder alternatives for compact or
pseudo-condensing approximable maps. (© 2002 Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

In [1], some fixed-point theorems of Leray-Schauder type for compact single-valued functions in
topological vector spaces were obtained. In [2], certain related results for compact multimaps in
locally convex topological vector spaces were given. Further, some Leray-Schauder type theorems
for compact or condensing approximable maps in locally convex topological vector spaces were
proved in [3-5].

The aim in this paper is to establish Leray-Schauder alternatives for approximable maps in
topological vector spaces. The concept of admissibility due to Klee [6] plays an important role
in the fixed-point theory in topological vector spaces. It is well known that every convex subset
of a locally convex topological vector space is admissible.

We first give a fixed-point theorem for compact approximable maps defined on an admisssible
convex subset of a topological vector space and then obtain a Leray-Schauder alternative for
compact approximable maps in topological vector spaces. The main result includes many known
results, see, for example, [1-3,5].

Next, using the notion of c-measure of noncompactness introduced in (7], we obtain a Leray-
Schauder type theorem for pseudocondensing approximable maps in topological vector spaces.
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Moreover, we obtain a Leray-Schauder alternative for quasi-compact or ultimately compact maps
in topological vector spaces. Note that there have appeared interesting studies on essential maps
of approximable and acyclic type, see [8].

In this paper, all topological vector spaces are assumed to be Hausdorft. For a subset K of a
topological vector space E, its closure, convex hull, and closed convex hull in E are denoted by
K, co K, and © K, respectively. For a subset U of K, its boundary and interior with respect to
the relative topology on K are denoted by dxU and Intg U, respectively.

A multimap or map T : X — Y is a function from a set X into the set of all nonempty subsets
of a set Y. For topological spaces X and Y, amap T : X — Y is said to be upper semicontinuous
on X if for any open set V in Y, the set {x € X : T{z) C V} isopen in X. T is said to be closed
if it has a closed graph; and compact if its range T'(X) is contained in a compact subset of Y.

Let T : X — Y be a map where X and Y are subsets of topological vector spaces E and F,
respectively. Given two open neighborhoods U and V of the origins in E and F, respectively,
a continuous function s : X — Y is a (U, V)-approzimative continuous selection of T if s(z) €
(Tl(z+U)NX]+V)NY foreachz € X.

T is said to be approachable if it has a (U, V)-approximative continuous selection for every open
neighborhoods U and V of the origins in E and F', respectively. T is said to be approximable if
its restriction 7|k to any compact subset K of X is approachable. A(X,Y’) denotes the class of
all approximable maps T : X —o Y. For details, we refer to [3,9].

A nonempty subset X of a topological vector space E is said to be admissible provided that,
for every compact subset K of X and every neighborhood V of the origin 0 in E, there exists a
continuous function h : K — X such that z — h(z) € V for all € K and h(K) is contained in a
finite-dimensional subspace L of E. If X = E, then the topological vector space E is said to be
admissible. See [6,10].

Recall that every nonempty convex subset of a locally convex topological vector space is ad-
missible; see [11,12]. The spaces LP(0,1) for 0 < p < 1 and S(0,1) are admissible topological
vector spaces; see [13,14].

2. COMPACT APPROXIMABLE MAPS

Applying the fixed-point property of admissible convex sets in a topological vector space, we
prove a Leray-Schauder alternative for compact approximable maps in topological vector spaces.
We begin with the following lemma.

LEMMA 2.1. Let X be an admissible convex set in a topological vector space E and T : X — X
a compact closed map such that T € A(X,T(X)). Then T has a fixed point.

PrROOF. Let A be a fundamental system of neighborhoods of the origin 0 of £ and V € N.
Since C := T(X) is a compact subset of the admissible set X, there exist a continuous function
h:C — X and a finite-dimensional subspace L of E such that y — h(y) € V for all y € C and
h(C) C L.

Let M := h(C) and K := coM. Since M is a compact subset of L N X, it follows that K is a
compact convex subset of LN X. Since T|k : K — C admits a (V, V)-approximative continuous
selection, there exists a continuous function s : K — C such that s(z) € (T[(z+V)NK]+V)NC
for all z € K.

Consider the composition hos: K — K given by ko s(x) = h(s(z)) for z € K. The Brouwer
fixed-point theorem implies that there exists an zy € K such that h o s(zy) = zy. Setting
yv = s(zy) € C, we have yy — h(s(zv)) = yv — h(yv) € V and s(zv) —wy € V for some
wy € T(zy) such that zy € (zy + V)N K. By the compactness of K in X, we may suppose
that h(s(zv)) = zv — z for some z € K. Hence, zy — = and s(zy) = yy — ¢ and so wy — .
Since T is closed and wy € T'(zv), we have z € T(z). This completes the proof. ]

For the fixed-point theory of more general better admissible maps, see [15].
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COROLLARY 2.2. (See [1, Bemerkung 4].) Let X be an admissible convex set in a topological
vector space E. If f : X — X is a compact continuous function, then f has a fixed point.

Now we can prove the main theorem in this section.

THEOREM 2.3. Let X be a closed convex admissible subset of a topological vector space E,
u € K, and K C X a closed neighborhood of u in X. Let T : K — X be a compact closed map
such that T' € A(K,T(K)). Then the following Leray-Schauder alternative holds:

(1) T has a fixed point; or
(2) there exist a point x € Ox K and a number A > 1 such that Az + (1 — A)u € T'(x).

PROOF. Assume that z ¢ T(z) for all z € K and T(y) N {Ay+ (1 = Nu: A > 1} = 0 for all
y € Ox K. Without loss of generality, we may suppose that a fundamental basis A" of E consists
of circled open neighborhoods of 0 in E. Consider

R:={ze K:zetT(z)+ (1 —t)u, for somet € [0,1]}.

Then it is clear that R is closed, and hence, compact in X because T is a compact closed map
and K is closed in X. Thus, RN dxK = §. Since X as a subset of Hausdorff topological vector
space is completely regular, there is a continuous function s : X — [0,1] such that h(z) = 1 for
every ¢ € R and h(z) = 0 for every x € Ox K. Let a map S : X — X be defined by

hMz)T(x) + (1 — h(x))u, forz € K,
S(z) = { (
u}, forz e X \Intx K.

Then S is a compact closed map, since 7" is a compact closed map, h is continuous, and X is a

convex subset of E with u € X. Moreover, S : X —o §(X) is approximable. By definition of S,

it suffices to show that for any compact set C in K, S|¢ : C — S(X) is approachable. For every
(U, Vye N xN,ifs: C - T(K) is a (U, V)-approximative continuous selection of T'|c, then

h{z)s(z)+(1-h(z))u € h(z)(T[(z+U)NC]+V)+(1-h(z))u C S[(z+U)NC]+V, for eachz € C.

For each z € C, we have

h(z)s(z) + (1 — h(z))u € {h(z)y+ (1 - h{z))u:z € K,y € T(x)} = S(X).

Thus, S|¢ : C —o S(X) is approachable.

By Lemma 2.1, S has a fixed point zo € X; that is, zg € S(zo). If zo ¢ K, then S(zo) = {u}
and so u = xg ¢ K, which contradicts u € K. Hence, 2o € K. Now g € S(x¢) = h(zo)T(z0) +
(1 — h(zo))u implies 2o € R and so h(zo) = 1. Therefore, we have ¢ € T(zo) which contradicts
our assumption. This completes the proof. [

COROLLARY 2.4. (See [3, Theorem].) Let K be a closed subset of a locally convex topological
vector space E such that 0 € Intg K. Suppose that T : K — E is a compact upper semicontinuous

map with closed values such that T € A(K,T(K)). If T is fixed-point-free, then there exists a
point (A, z) € (0,1) x OpK such that z € \T'(x).

COROLLARY 2.5. (See [1, Hauptsatz 2].) Let X be a closed convex admissible subset of a
topological vector space E with 0 € X, and K C E a closed neighborhood of 0 in E. Let
f+KNX — X be a compact continuous function such that for each z € X N g K, flz) =ax
implies o < 1. Then f has a fixed point.

REMARK. Theorem 2.3 remains true even if the condition “X is closed” is dropped.
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3. PSEUDOCONDENSING APPROXIMABLE MAPS-

Using the notion of c-measure of noncompactness [7], we obtain a Leray-Schauder type theorem
for pseudocondensing approximable maps in topological vector spaces.

Let E be a topological vector space, K a nonempty subset of E, A a cone in a vector space
with the partial ordering <, and 7 a collection of subsets of €6 K with the property that for any
M € 7, the sets M,coM,M U {u} (u € K) and every subset of M belong to 7. Let c be a
real number with ¢ > 1. A function ® : v — A is called a c-measure of noncompactness on K
provided that the following conditions hold for any M € ~:

(1) ®(M) = ®(M);

(2) if z € K, then ®(M U {z}) = &(M);

(3) if N C M, then ®(N) < d(M);

(4) P(coM) < cP(M).

Let X and K be nonempty subsets of E such that X < K and let ® be a c-measure of
noncompactness on K. A map T : X — K is said to be pseudocondensing provided that if B is
any subset of X such that ®(B) < ¢®(T(B)), then B is relatively compact in X. In particular,
if ¢ =1, then T is called condensing. See [7,16].

A subset K of a topological vector space E is said to be locally convez if for every x € K there
exists a base of neighborhoods U(z) of z in K such that U(z) = W(z)N K and W(z) is a convex
subset of .

Any subset of a locally convex topological vector space is a locally convex set. Every closed,
convex, and locally convex set in a topological vector space is admissible; see [7].

The following property of pseudocondensing maps is a basic tool for the main result of this
section.

LEMMA 3.1. Let X and K be nonempty subsets of a topological vector space E such that X C K.
If T : X — K is a pseudocondensing map, there exists a nonempty closed convex subset B of E
such that BN X is a compact subset of X and T(BNX) C B.

PROOF. Let g € X be given and let
Y:={CCE:C=%wC,zeC, T(CNX)CC}

Then ¥ is nonempty because T (T(X) U {zo}) € E. Let B := (s C and By := @6 (T(B N
X) U {xo}). Since B is closed and convex, g € B, and T(BN X) C C for all C € I, we have
B e X. Hence, By C Bandso T(B;NX) C T(BNX) C B;. Therefore B; € . It follows
by definition of B that B C By, and hence, B =¢6 (T(B N X) U {xo}). Since ® is a c-measure
of noncompactness, we have ®(BN X) < ¢®(T(BN X) U {x¢}) = ¢®(T(B N X)). Since T is
pseudocondensing and B is closed in E, we conclude that BN X is a compact subset of X. This
completes the proof. |

We now obtain the following result on pseudocondensing approximable maps in topological
vector spaces. A similar result for condensing maps in locally convex topological vector spaces is
given in [4, Theorem].

THEOREM 3.2. Let K be a closed convex subset of a topological vector space E, v € X, and
X C K a closed neighborhood of uw in K. Suppose that every closed convex subset of E is
admissible. If T : X —o K is a pseudocondensing upper semicontinuous map with compact values

and T € A(X,T(X)), then one of the following properties holds:

(1) T has a fixed point; or
(2) there exist a point x € 9k X and a number A € (0,1) such that x € AT (z) + (1 — ANu.

PROOF. Assumethatz ¢ T(z)forallz € X andy & AT (y)+(1—A)uforall (A, y) € (0,1)x I X.
Since T : X —o K is pseudocondensing, by Lemma 3.1, there exists a nonempty closed convex
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subset B of E such that BN X is a compact subset of X and T(BN X) C B. We may suppose
that u € B. Since T € A(X,T(X)), T|snx : BN X — T(X) is approachable.

Consider the set C := {x € BN X : z € AT (z) + (1 — A)u, for some A € [0,1]}. Since T is
an upper semicontinuous map with compact values and B N X is compact in X, T is closed,
and the set T(B N X) is compact in K. Hence, C is a nonempty compact subset of K. Since
C N AxX = 0, there is a continuous function h : K — [0, 1] such that h(z) =1 for every z € C
and h(z) =0 for every =z € Og X.

Let S : B — B be a map defined by

S(g) = h(z)T(z) + (1 — h(z))u, forz € BN X,
@ '—{ {u}, forz € B\ X.

Since T(B N X) is compact in K and T has closed graph, S is a compact closed map. As in the
proof of Theorem 2.3, since T|pnx : BN X — T(X) is approachable, it is easy to check that
Slprnx : BNX —o S(B) is approachable, and hence, S : B — S(B) is approximable.

Since the closed convex subset B of E is admissible, by Lemma 2.1, S has a fixed point z¢ € B;
that is, zo € S(zg). Clearly, zo € BN X. Now z¢ € S(z¢) = h(zo)T(zo) + (1 — h{zo))u implies
that zo € C, and hence, h(x¢) = 1. Thus, zo is a fixed point of T, contrary to our assumption.
This completes the proof. ]

COROLLARY 3.3. Let X be a closed neighborhood of 0 in a locally convex topological vector
space E. Suppose that T : X — FE is a condensing upper semicontinuous map with compact

values such that T € A(X,T(X)). If T is fixed-point-free, then there exists a point (A z) €
(0,1) x OgX such that x € A\T(z).

4. QUASI-COMPACT AND ULTIMATELY COMPACT MAPS

In this section, we present a Leray-Schauder alternative for quasi-compact or ultimately com-
pact maps in topological vector spaces.

Let U and X be nonempty subsets of a topological vector space E. A map T : U — X is
said to be gquasi-compact if there exists a closed convex subset S of E with the property that
UnS#0,T({UNS)C S, and T(UNS) is compact in X. Such a set S is called o characteristic
set for T'. See [17,18].

Foramap T:U — E, let Ry :=TT(U) and R, :=TT(U N R,_1) if a is an ordinal of the
first kind, and R, := ﬂﬁ <o B if @ is an ordinal of the second kind. The set R; for an ordinal §
satisfying:

R, = R;, foral a >4

is denoted by R*. T is said to be ultimately compact if T(U N R*) is compact in E. See [18-20].

LEMMA 4.1. Let X be a closed, convex and locally convex set in a topological vector space
E and T : X —o X a quasi-compact upper semicontinuous map with closed values such that
Tlm € AM,T(M)) for every closed, convex and locally convex subset M of E with M C X.
Then T has a fixed point.

PROOF. Choose a closed convex subset S of E such that X NS # 0, T(X NS) C S and the set
T(X N .S) is compact in X. Hence, the set M := X NS is a closed, convex and locally convex set
in E and so is admissible; and the restriction Ty := T|pr : M — M is a compact closed map and

To € A(M,Tp(M)). By Lemma 2.1, Ty has a fixed point. This completes the proof. ]

Finally, we show that the following Leray-Schauder alternative for quasi-compact maps reduces
to that for ultimately compact maps.

THEOREM 4.2. Let X be a closed neighborhood of uw € X in a topological vector space E such
that every closed convex subset of F is admissible. Let T : X — E be a quasi-compact closed
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map with a characteristic set S containing u such that T|p € A(M,T(M)) for every closed
subset M of X. Then the following Leray-Schauder alternative holds:

(1) T has a fixed point; or
(2) there exist a point x € 0s(X N S) and a number A > 1 such that Az + (1 — \u € T(x).

PRrROOF. Since T : X — E is a quasi-compact map, there exists a closed convex subset S of E
with T(X N S) C S such that T(X N 8) is relatively compact in E. Set K := X N S and let
Ty = T|k : K — S be the restriction of T to K. Then K is a closed neighborhood of « in S, and

S is admissible. Moreover, it is clear that Ty is a compact closed map and Ty € A(K,To(K)).
By Theorem 2.3, Ty has a fixed point or there exist a point x € 9sK and a number A > 1 such
that Az + (1 — A)u € Tp(z). This completes the proof. 1

COROLLARY 4.3. Let X be a closed neighborhood of 0 in a locally convex topological vector
space E. Suppose that T : X —o E is an ultimately compact closed map such that R* contains 0

and T|p; € A(M,T(M)) for every closed subset M of X. If T' is fixed-point-free, then there exist
a point x € Og-(X N R*) and a number A > 1 such that Az € T(x).

Proor. Since T : X —o E is ultimately compact, the set T{X N R*) is compact in E. From
R* = T(X N R*) it follows that T(X N R*) C R*. Hence, T is a quasi-compact map with
characteristic set R*. In view of Theorem 4.2, the desired conclusion follows from the fact
that every closed convex subset of locally convex topological vector space E is admissible. This
completes the proof. ]

COROLLARY 4.4. Let X be a closed neighborhood of 0 in a locally convex topological vector
space E and f : X — E be a quasi-compact continuous function with a characteristic set S
containing 0. If for each x € SN OgX, f(x) = ax implies « < 1, then f has a fixed point.

PROOF. We can apply Corollary 2.5 because the restriction flxng : X NS — § is a compact
continuous function and S is a closed convex admissible set in E. This completes the proof. 1

REFERENCES

1. S. Hahn and K.-F. Pétter, Uber Fixpunkte kompakter Abbildungen in topologischen Vektorraumen, Studia
Math. 50, 1-16, (1974).

2. S. Hahn, Fixpunktsétze fiir mengenwertige Abbildungen in lokalkonvexen Raumen, Math. Nachr. 73, 269-
283, (1976).

3. H. Ben-El-Mechaiekh and A. Idzik, A Leray-Schauder type theorem for approximable maps, Proc. Amer.
Math. Soc. 122, 105-109, (1994).

4. H. Ben-El-Mechaiekh, S. Chebbi and M. Florenzano, A Leray-Schauder type theorem for approximable maps:
A simple proof, Proc. Amer. Math. Soc. 126, 2345-2349, (1998).

5. S. Park, Fixed points of approximable maps, Proc. Amer. Math. Soc. 124, 3109-3114, (1996).

6. V. Klee, Leray-Schauder theory without local convexity, Math. Ann. 141, 286-296, (1960).

7. S. Hahn, A fixed-point theorem for multivalued condensing mappings in general topological vector spaces,
Univ. u Novom Sadu Zb. Rad. Prirod.-Mat. Fak. Ser. Mat. 15, 97-106, (1985).

8. R.P. Agarwal and D. O’Regan, Multivalued essential maps of approximable and acyclic type, Appl. Math.
Lett. 13 (1), 7-11, (2000).

9. H. Ben-El-Mechaiekh, Continuous approximations of multifunctions, fixed points and coincidences, In Ap-
prozimation and Optimization in the Carribean II, Proceedings of the Second International Conference on
Approzimation and Optimization in the Carribean, (Edited by M. Florenzano et al.), pp. 69-97, Verlag Peter
Lang, Frankfurt, (1995).

10. M. Landsberg and T. Riedrich, Uber positive Eigenwerte kompakter Abbildungen in topologischen Vek-
torraumen, Math. Ann. 163, 50-61, (1966).

11. M. Nagumo, Degree of mapping in convex linear topological spaces, Amer. J. Math. 73, 497-511, (1951).

12. M. Landsberg, Uber die Fixpunkte kompakter Abbildungen, Math. Ann. 154, 427-431, (1964).

13. T. Riedrich, Die Rdume LP(0,1){(0 < p < 1) sind zuldssig, Wiss. Z. Techn. Univ. Dresden 12, 1149-1152,
(1963).

14. T. Riedrich, Der Raum S(0, 1) ist zuldssig, Wiss. Z. Techn. Univ. Dresden 18, 1-6, (1964).

15. S. Park, A unified fixed point theory of multimaps on topological vector spaces, J. Korean Math. Soc. 35,
803-829, (1998).

16. S. Hahn, Ein Stérungssatz fiir positive Eigenwerte kondensierender mengenwertiger Abbildungen in lokalkon-
vexen topologischen Vektorraumen, Comment. Math. Univ. Carolin. 20, 417-430, (1979).



17

18.

19.

20.

Leray-Schauder Alternatives 391

. S. Hahn, Zur Bedeutung des Fixpunktsatzes von Schauder fiir die Fixpunkttheorie nicht notwendig kompakter
Abbildungen, Beitrdge Anal. 16, 105-119, (1981).

S. Hahn, Fixpunktsitze fiir limeskompakte mengenwertige Abbildungen in nicht notwendig lokalkonvexen
topologischen Vektorraumen, Comment. Math. Univ. Carolin. 27, 189-204, (1986).

B.N. Sadovskii, Measures of noncompactness and condensing operators (in Russian), Problemy Mat. Anal.
Slos. Sistem 2, 89-119, (1968).

W.V. Petryshyn and P.M. Fitzpatrick, Degree theory for noncompact multivalued vector fields, Bull. Amer.
Math. Soc. 79, 609-613, (1973).



