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Abstract. We define the (convexly) almost fixed point property on multimaps

defined on subsets of topological vector spaces, and obtain typical results related
to such property. Simultaneously, we introduce some related fixed point theorems
recently obtained by the author in his forthcoming works [21-24].

1. Definitions and basic results

In this paper all spaces are assumed to be Hausdorff and a t.v.s. means a

topological vector space. A multimap (simply, a map) T : X ( Y is a function

from X into 2Y \{∅}.
Let X be a subset of a t.v.s. E. A multimap T : X ( E is said to have the

(convexly) almost fixed point property if every (resp. convex) neighborhood U of

the origin 0 of E, there exists a point xU ∈ X such that

xU ∈ T (xU ) + U or T (xU ) ∩ (xU + U) ̸= ∅.

The almost fixed point property is abbreviated to a.f.p.p. and the convexly a.f.p.p.

to c.a.f.p.p.

Recall that, for topological spaces X and Y , a multimap T : X ( Y is said to

be closed if its graph Gr(T ) is closed in X × Y , and compact if its range T (X) is

contained in a compact subset of Y .
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It is well known that any upper semicontinuous map is closed if it has closed

values, and has compact range if it has compact domain and compact values.

The following basic principle is routine :

Theorem 1.1. Let X be a subset of a t.v.s. E, and T : X ( X a closed

compact map. Then the following are equivalent:

(i) T has a fixed point.

(ii) T has the almost fixed point property.

Proof. (i) =⇒ (ii) Clear.

(ii) =⇒ (i) For each neighborhood U of 0, there exist xU , yU ∈ X such that

yU ∈ T (xU ) and yU ∈ xU +U . Since T (X) is relatively compact, we can choose a

subnet of the net {yU} with a cluster point x0 ∈ T (X). Since E is Hausdorff, the

corresponding subnet of {xU} also has the cluster point x0. Because the graph of

T is closed in X × T (X), we have x0 ∈ T (x0). This completes our proof.

Theorem 1.2. Let X be a subset of a locally convex t.v.s. E, and T : X ( X

a closed compact map. Then the following are equivalent:

(i) T has a fixed point.

(ii) T has the convexly almost fixed point property.

Proof. In a locally convex t.v.s., the c.a.f.p.p. is equivalent to the a.f.p.p.

Remarks 1. If T is not compact, then (ii) ̸⇒ (i). For example, let X = R and

T (x) := {x− 1/x} if x ̸= 0, T (0) := {1,−1}.
2. If T is not closed, then (ii) ̸⇒ (i). For example, let X = [0, 1] and T (x) :=

{1/2} if x ̸= 1/2, T (1/2) := {0, 1}.

The following is recently obtained by the author [23, Theorem 2.5]:

Theorem 1.3. Let X be a compact convex subset of a t.v.s. E, V a local base

of open neighborhoods of 0 in E, and T : X ( E a multimap such that

(1) T has the convexly almost fixed point property;

(2) T has closed values; and

(3) the following equality holds.

(∗)
∩
U∈V

{x ∈ X : x ∈ T (x) + U} =
∩
U∈V

cl{x ∈ X : x ∈ T (x) + coU}.
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Then T has a fixed point.

In view of the Basic Theorems 1.1 - 1.3, if we have a mapping class having the

a.f.p.p.(with condition (∗)), then we can obtain fixed point theorems for that class.

The condition (∗) is due to Kim [10].

In our forthcoming work [23], we gave a class of maps satisfying (∗) as follows:

Lemma 1.4. Let X be a convex subset of a locally convex t.v.s. Then any

closed compact multimap T : X ( X satisfies condition (∗).

It is clear that the converse of Lemma 1.4 does not hold.

2. Maps having the a.f.p.p.

In this section, we are mainly concerned with mapping classes having the a.f.p.p.

A nonempty subset Y of E is said to be almost convex [8] if for any neighborhood

V of the origin 0 of E and for any finite subset {y1, y2, · · · , yn} of Y , there exists

a finite subset {z1, z2, · · · , zn} of Y , such that zi − yi ∈ V for each i = 1, · · · , n
and co{z1, z2, · · · , zn} ⊂ Y .

From the KKM principle, we obtained the following [24]:

Theorem 2.1. Let X be a subset of a t.v.s. E and Y an almost convex subset

of X. Let T : X ( E be a lower [resp. upper] semicontinuous multimap such that

T (y) is convex for all y ∈ Y . Suppose that

(Z1) for each neighborhood U of 0 in E, there exists a neighborhood V of 0 in

E such that

co(V ∩ (T (Y )− Y )) ⊂ U.

If there is a precompact subset K of X such that T (y)∩K ̸= ∅ for each y ∈ Y and

Y ∩K is dense in K, then T has the a.f.p.p.

From Theorems 1.1 and 2.1, we deduced a number of fixed point theorems for

compact upper semicontinuous maps; see [24]. The following is an example:

Theorem 2.2. Let X be a convex subset of a t.v.s. E. Then any compact

upper semicontinuous multimap T : X ( X with nonempty closed convex values

has a fixed point in X whenever the following holds:

(Z2) for each neighborhood U of 0 in E, there exists a neighborhood V of 0 in

E such that
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co(V ∩ (T (X)− T (X))) ⊂ U.

A map T satisfying condition (Z2) is usually said to be of the Zima type and its

study was initiated by Hadžić; see [7].

A nonempty subset X of a t.v.s. E is said to be admissible (in the sense of Klee)

provided that, for every compact subset K of X and every neighborhood V of the

origin 0 of E, there exists a continuous map h : K → X such that x − h(x) ∈ V

for all x ∈ K and h(K) is contained in a finite dimensional subspace L of E.

Note that every nonempty convex subset of a locally convex t.v.s. is admissible.

Other examples of admissible t.v.s. are lp, Lp, the Hardy spaces Hp for 0 < p < 1,

the space S(0, 1) of equivalence classes of measurable functions on [0, 1], and others.

Moreover, any locally convex subset of an F -normable t.v.s. and any compact

convex locally convex subset of a t.v.s. is admissible. Note that an example of

a nonadmissible nonconvex compact subset of the Hilbert space l2 is known. For

details, see Hadžić [7], Weber [25], and references therein.

Let X be a nonempty convex subset of a t.v.s. E and Y a topological space. A

polytope P in X is any convex hull of a nonempty finite subset of X; or a nonempty

compact convex subset of X contained in a finite dimensional subspace of E.

We define the “better” admissible class B of multimaps as follows:

F ∈ B(X,Y ) ⇐⇒ F : X ( Y is a map such that for any polytope P in X and

any continuous map f : F (P ) → P , the composition f(F |P ) : P ( P has a fixed

point.

Examples of subfamilies of B are as follows: the class C of single-valued contin-

uous maps, the class K of the Kakutani maps (u.s.c. with compact convex values

and codomains are convex spaces), the Aronszajn maps M (u.s.c. with compact

Rδ values), the acyclic maps V (u.s.c. with compact acyclic values), the Powers

maps Vc (the compositions of acyclic maps), the O’Neill maps N (continuous with

values consisting of one or more m acyclic components, where m is fixed), the

approachable maps A (in uniform spaces) or approximable maps Aκ due to Ben-

El-Mechaiekh and Idzik, admissible maps in the sense of Górniewicz, permissible

maps of Dzedzej, the admissible map Aκ
c of Park, and others. For details, see [16,

17].

The following fixed point theorem was obtained recently by the author [16, 17]:
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Theorem 2.3. Let E be a t.v.s. and X an admissible convex subset of E.

Then any compact map T ∈ B(X,X) has the a.f.p.p. Further, if T is closed, then

T has a fixed point.

Let ⟨X⟩ denote the set of all nonempty finite subsets of a set X.

Let X be a convex subset of a linear space and Y a topological space. In 1996,

Chang and Yen [5] defined

T ∈KKM(X,Y ) ⇐⇒ T : X ( Y is a map such that the family {S(x) : x ∈ X}
has the finite intersection property whenever S : X ( Y has closed values and

T (coN) ⊂ S(N) for each N ∈ ⟨X⟩.

Moreover, Chang and Yen [6] introduced the class of S-KKM maps and gave a

characterization of such maps and an s-KKM theorem for s : X → Y . This was

extended to S-KKM maps by Lin and Chang [11] with additional results. This is

followed by Chang, Huang, Jeng, and Kuo [4].

Let X be a nonempty set, Y a nonempty convex subset of a linear space and

Z a topological space. If S : X ( Y, T : Y ( Z and F : X ( Z are three

multimaps satisfying

T (coS(A)) ⊂ F (A)

for any A ∈ ⟨X⟩, then F is called a generalized S-KKM map with respect to T . If

the multimap T : Y ( Z satisfies that for any generalized S-KKM map F with

respect to T the family {F (x) : x ∈ X} has the finite intersection property, then

T is said to have the S-KKM property. The class S-KKM(X,Y, Z) is defined to

be the set {T : Y ( Z |T has the S-KKM property}; see [6, 11].

As shown in [4], if X = Y and S is the identity map 1X , then S-KKM(X,X,Z)

reduces to the class KKM(X,Z) introduced by Chang and Yen [5], and moreover,

KKM(Y, Z) is contained in S-KKM(X,Y, Z) for any S : X ( Y and generally

this inclusion is proper.

All of the authors of [3-6, 11, 12] claim that their multimap classes properly

contain the class Aκ
c under some restriction by giving a few examples which are

trivial but neither substantial nor practical.

If S is a single-valued map s : X → Y , then the class s-KKM(X,Y, Z) were

treated in [9]. We know that certain s-KKM classes are contained in the class B;

see [23].
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Lemma 2.4. Let X be a convex subset of a t.v.s., I a set, s : I → X a

surjection, and T ∈ s-KKM(I,X,X). If T is closed and compact, then T ∈
B(X,X).

From Lemma 2.4 and Theorem 2.3, we have the following [23]:

Theorem 2.5. Let E be a t.v.s. and X an admissible (in the sense of Klee)

convex subset of E, I a set, s : I → X a surjection, and T ∈ s-KKM(I,X,X). If

T is closed and compact, then T has a fixed point.

Note that if I is a nonempty subset of X, then Theorem 2.5 reduces to Chang,

Huang, and Jeng [3, Theorem 3.1].

It should be noticed that the main fixed point theorems in [3, 5, 12] and others

are disguised forms of our Theorem 2.3. Most of other results in those papers are

also formally generalized (but not practical) or disguised forms of earlier works of

the author on the classes Aκ
c or B of multimaps.

3. Maps having the c.a.f.p.p.

In this section, we are mainly concerned with mapping classes having the

c.a.f.p.p.

From Theorem 2.1, we deduced the following in [24]:

Theorem 3.1. Let X be a subset of a t.v.s. E and Y an almost convex subset

of X. Let T : X ( E be a lower [resp. upper] semicontinuous multimap such that

T (y) is convex for all y ∈ Y . If there is a precompact subset K of X such that

T (y) ∩K ̸= ∅ for each y ∈ Y and Y ∩K is dense in K, then T has the c.a.f.p.p.

From Theorem 3.1, we have some particular cases as follows and, from each

of them, we can deduce fixed point theorems for closed compact maps defined on

convex subsets of a locally convex t.v.s.

In case X = Y , Theorem 3.1 reduces to the following:

Corollary 3.2. Let X be a convex subset of a t.v.s. E. Let T : X ( E be

a lower [resp. upper] semicontinuous multimap such that T (x) is convex for each

x ∈ X. If there is a precompact subset K of X such that T (x) ∩K ̸= ∅ for each

x ∈ X, then T has the c.a.f.p.p.

From Theorem 3.1, we have
6



Corollary 3.3. Let X be a subset of a t.v.s. E and Y an almost convex dense

subset of X. Let T : X ( E be a multimap such that (1) T−(z) is open for each

z ∈ E; and (2) T (y) is convex for each y ∈ Y . If there is a precompact subset K

of X such that T (y)∩K ̸= ∅ for each y ∈ Y and Y ∩K is dense in K, then T has

the c.a.f.p.p.

In case X = Y , Corollary 3.3 reduces to the following:

Corollary 3.4. Let X be a convex subset of a t.v.s. E, and T : X ( X be a

multimap such that (1) T (x) is convex for each x ∈ X; (2) T−(y) is open for each

y ∈ X; and (3) T (X) is contained in a compact subset K of X. Then T has the

c.a.f.p.p.

Ben-El-Mechaiekh [1, 2] showed that, if E is further assumed to be locally

convex in Corollary 3.4, then T has a fixed point; and conjectured that, under the

hypotheses of Corollary 3.4, T would have a fixed point. This conjecture is not

resolved yet; for partial solutions, see [19]. However, Corollary 3.4 is a new partial

solution.

We know that certain s-KKM classes have the c.a.f.p.p.; see [23]:

Theorem 3.5. Let I be a nonempty set, X a convex subset of a t.v.s. (not

necessarily Hausdorff), s : I → X, and T ∈ s-KKM(I,X,X) a compact multimap

such that T (X) ∩ s(I) is dense in T (X). Then T : X ( X has the c.a.f.p.p.

Combining Theorems 1.2 and 3.5, we have the following [23]:

Theorem 3.6. Let X be a convex subset of a locally convex t.v.s., I a nonempty

set, s : I → X, and T ∈ s-KKM(I,X,X) a closed compact map such that T (X)∩
s(I) is dense in T (X). Then T has a fixed point.

Note that if X = I and T (X) ⊂ s(I), then Theorem 3.6 reduces to Chang et

al. [3, Theorem 3.2] and further if s = 1X , then to Chang and Yen [5, Theorem

2], and if X itself is compact, then to Huang and Jeng [9, Corollary 2.4].

Combining Theorems 1.3 and 3.5, we have the following:

Theorem 3.7. Let X be a compact convex subset of a t.v.s., I a nonempty set,

s : I → X, and T ∈ s-KKM(I,X,X) a closed-valued map such that T (X) ∩ s(I)

is dense in T (X). If T satisfies condition (∗), then T has a fixed point.
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Note that if X = I and T (X) ⊂ s(I), then Theorem 3.7 reduces to Huang and

Jeng [9, Theorem 2.2], and if X = I and s = 1X , then Theorem 3.7 originates

from Park [18, Theorem 1]. If T : X ( X is upper semicontinuous with convex

values, then T ∈ KKM(X,X) ⊂ s-KKM(X,X,X); see Huang and Jeng [9].

E f : K −→ K F : K ( K

I Brouwer 1912 Kakutani 1941
II Schauder 1927, 1930 Bohnenblust

and Karlin 1950
III Tychonoff 1935 Fan 1952

Hukuhara 1950 Glicksberg 1952
Himmelberg 1972

IV Fan 1964 Granas and Liu 1986
Park 1988

V Zima 1977 Hadžić 1981, 1982,
Rzepecki 1979 1987
Hadžić 1982

Finally, the above diagram shows some historically well-known fixed point the-

orems, where K denotes nonempty compact convex subset of a t.v.s. E, f contin-

uous selfmaps, and F Kakutani maps (that is, upper semicontinuous maps having

closed convex values).

In the diagram, E in the class I denotes Euclidean spaces, II normed vector

spaces, III locally convex t.v.s., and IV topological vector spaces having sufficiently

many linear functionals. Moreover, in the class V, f(K) and F (K) are of the Zima

type. For the literature, see [13-15, 20] and other references in the end of this paper.

Note that, in the diagram, theorems due to Hukuhara, Rzepecki, Himmelberg, and

Hadžić are stated for compact maps without assuming compactness of domains.

It should be emphasized that each theorem in the diagram follows from one or

more results in this paper, and it would be interesting to check this matter.
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