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1. Introduction

The notion of hyperconvex spaces was introduced by Aronszajn and Panitchpakdi
[1] in 1956. In 1979, independently Sine [13] and Soardi [16] proved the �xed point
property for nonexpansive maps on bounded hyperconvex spaces. Since then many
interesting works have appeared for hyperconvex spaces. For example, see [2–8,14,15].
It is known that the space C(E) of all continuous real functions on a Stonian space

E (extremally disconnected compact Hausdor� space) with the usual norm is hypercon-
vex, and that every hyperconvex real Banach space is a space C(E) for some Stonian
space E. Then (Rn; ‖ · ‖∞); l∞ and L∞ are concrete examples of hyperconvex spaces.
Until recently, the study of hyperconvex spaces was concentrated to the relation-

ship with nonexpansive maps. However, recently, Khamsi [5] established the Knaster–
Kuratowski–Mazurkiewicz theorem (in short, KKM theorem) for hyperconvex spaces
and applied it to prove an analogue of Ky Fan’s best approximation theorem extending
the Brouwer and the Schauder �xed point theorems. This seems to be the �rst attempt
to prove such results in a hyperconvex space setting.
In this paper, we obtain a Ky Fan type matching theorem for open covers, a coinci-

dence theorem, a Fan–Browder type �xed point theorem, a Brouwer–Schauder–Rothe
type �xed point theorem, and other results for hyperconvex spaces. Those are usually
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obtained for a convex space setting (see [9, 10]) or a generalized convex space setting
(see [11, 12]).
Our arguments in this paper are based on the KKM theorem due to Khamsi [5,

Theorem 4].

2. Preliminaries

We follow mainly Khamsi [5].
A metric space (H; d) is said to be hyperconvex if for any collection of points {x�}

of H and for any collection {r�} of nonnegative reals such that d(x�; x�)≤ r�+ r�, we
have

⋂

�

B(x�; r�) 6= ∅:

Here B(x; r) denotes the closed ball with center x∈H and radius r≥ 0.
For any nonempty bounded subset A of H , its convex hull coA is de�ned by

coA=
⋂

{B: B is a closed ball containing A}:

Let A(H)= {A⊂H : A=coA}; i.e. A∈A(H) i� A is an intersection of balls. In this
case we will say A is an admissible subset of H .
For any X ⊂H , a multimap (or a map) G :X −◦H is called a KKM map if

co{x1; : : : ; xn}⊂
n⋃

i=1

G(xi)

for any x1; : : : ; xn∈X .
The following KKM theorem is due to Khamsi [5, Theorem 4]:

KKM Theorem. Let H be a hyperconvex space and X ⊂H a subset: Let G :X −◦H
be a KKM-map such that G(x) is closed for any x∈X and G(x0) is compact for
some x0∈X . Then we have

⋂

x∈X
G(x) 6= ∅:

We will mainly use the particular case of KKM Theorem when H itself is compact.
For a multimap G :X −◦Y , we denote x∈G−1(y) i� y∈G(x) where x∈X and y∈Y .

Let C(X; Y ) denote the class of single-valued continuous maps f :X →Y .

3. Matching and coincidence theorems

From the KKM Theorem, we deduce the following Ky Fan type matching theorem
for open covers:
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Theorem 1. Let H be a compact hyperconvex space; X ⊂H; Y a topological space;
and A :X −◦Y a map satisfying
(i) Ax is open for each x∈X; and
(ii) A(X )=Y:
Then; for each t∈C(H; Y ); there exists a nonempty �nite subset {x1; : : : ; xn}⊂X and
an x0∈co{x1; : : : ; xn} such that t(x0)∈

⋂n
i=1 A(xi):

Proof. For each x∈X , let F(x)=Y\A(x) and let G(x)= t−1F(x). Suppose the con-
clusion is false. Then for every �nite subset {x1; : : : ; xn}⊂X , we have

t(co{x1; : : : ; xn})⊂Y\
n⋂

i=1

A(xi)=
n⋃

i=1

F(xi);

that is,

co{x1; : : : ; xn}⊂
n⋃

i=1

t−1 F(xi)=
n⋃

i=1

G(xi):

Therefore, G is a closed-valued KKM map. Since H is compact, each Gx is compact.
Then by KKM Theorem, we have

⋂ {G(x): x∈X }= ⋂ {t−1F(x): x∈X } 6= ∅ and hence⋂ {F(x): x∈X } 6= ∅. But this means ⋃ {A(x): x∈X }=A(X ) 6=Y , a contradiction to our
hypothesis. This completes our proof.

From Theorem 1, we have the following Fan–Browder type coincidence theorem for
hyperconvex spaces:

Theorem 2. Let H; X; and Y be the same as in Theorem 1. Let S :X−◦Y; T :H−◦Y
be multifunctions satisfying the following:
(a) for each x∈X; S(x)⊂T (x) and S(x) is open; and
(b) for each y∈Y; T−1(y) is admissible; and
(c) S(X )=Y .
Then for any t∈C (H; Y ); there exists an x0∈H such that t(x0)∈T (x0).

Proof. Since (a) and (c) imply (i) and (ii) with A= S, by Theorem 1, there exist
{x1; : : : ; xn}⊂X and x0∈co{x1; : : : ; xn} such that t(x0)∈

⋂n
i=1 S(xi)⊂

⋂n
i=1 T (xi). We

have xi∈T−1t(x0) for all i, and hence by (b), co{x1; : : : ; xn}⊂T−1t(x0). In particular,
x0∈T−1t(x0), i.e. t(x0)∈T (x0). This completes our proof.
Remark. Theorems 1 and 2 are analogous to Park [9, Theorems 1 and 6] for convex
spaces. (Note that in [9, Theorem 6], A should be A :X → 2Y and x0∈X:)

4. Fixed point theorems

As an application of Theorem 2, we have the following form of the Fan–Browder
type �xed point theorem for hyperconvex spaces:
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Theorem 3. Let H be a compact hyperconvex space and T :H −◦H a map such that
(1) for each x∈H; T (x) is admissible; and
(2) H =

⋃ {Int T−1y: y∈H}.
Then T has a �xed point x0∈H ; i.e. x0∈T (x0).

Proof. Replace (H; X; Y; T ) in Theorem 2 by (H; H; H; T−1) and de�ne S :H −◦H
by S(x)= Int T−1(x) for x∈H . Then, for each x∈X; S(x)⊂T−1(x) and S(x) is open.
Moreover, for each y∈H; T (y) is admissible, and H = S(H). Therefore, for t=1H , by
Theorem 2, there exists an x0∈H such that x0∈T−1(x0) or x0∈Tx0. This completes
our proof.

For convex spaces, Theorem 3 is well-known to be very useful in various problems.
As another application of Theorem 1, we obtain the following Fan type best approx-

imation theorem:

Theorem 4. Let H be a hyperconvex space; X ∈A(H) compact; and f∈C(X; H).
Then either f has a �xed point or there exists an x0∈Bd X such that

0¡d(x0; f(x0))≤d(x; f(x0)) for all x∈X:

Proof. Suppose that for each y∈X , there exists an x∈X such that

d(x; f(y))¡d(y; f(y)):

De�ne A :X −◦X by

A(x)= {y∈X : d(x; f(y))¡d(y; f(y))}
for x∈X . Since f is continuous, A(x) is open in X . Moreover, for each y∈X , we
have A−1(y) 6= ∅ by the assumption. Therefore A(X )=X . Now we apply Theorem 1
with H =X =Y and t=1X . Then there exist {x1; : : : ; xn}⊂X and x0∈co{x1; : : : ; xn}
such that x0∈

⋂n
i=1 A(x0); i.e. d(xi; f(x0))¡d(x0; f(x0)) for each i.

Let �¿0 such that d(xi; f(x0))≤d(x0; f(x0))− �. Then
xi∈B(f(x0); d(x0; f(x0))− �):

Since the closed ball is admissible and contains all xi, we have

x0∈co{x1; : : : ; xn}⊂B(f(x0); d(x0; f(x0))− �):
This is a contradiction. Therefore, there exists an x0∈X such that d(x0; f(x0))≤

d(x; f(x0)) for all x∈X . If d(x0; f(x0))= 0, then x0 is a �xed point. Otherwise, we
have

0¡d(x0; f(x0))≤d(x; f(x0)) for all x∈X:
In this case, we show that x0∈Bd X .
Suppose that x0∈Int X . Then there exists an r¿0 such that
B(x0; r)⊂X and r¡d(x0; f(x0))≤d(y; f(x0)) for all y∈B(x0; r):
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Then there is a y0∈B(x0; r)∩B(f(x0); d(x0; f(x0))− r) by the hyperconvexity.
Hence,

d(y0; f(x0))≤d(x0; f(x0))− r¡d(x0; f(x0));

which is a contradiction. Therefore, x0∈Bd X .
This completes our proof.

Remark. This is a re�ned version of Khamsi [5, Lemma]. We modi�ed Khamsi’s proof
where KKM Theorem was exploited instead of Theorem 1.

From Theorem 4, we have the following �xed point theorems:

Theorem 5. Let H be a hyperconvex space; X ∈A(H) compact; and f∈C(X;H).
Then f has a �xed point if one of the following conditions holds for all x∈Bd X
such that x 6=f(x) :
(i) There exists a y∈X such that

d(x; f(x))¿d(y; f(x)):

(ii) There exists a �∈(0; 1) such that

X ∩B(f(x); �d(x; f(x)) 6= ∅:

(iii) There exists an �∈(0; 1) such that

X ∩B(x; �d(x; f(x)))∩B(f(x); (1− �)d(x; f(x))) 6= ∅:

(iv) f(x)∈X .

Proof. (i) Suppose that f has no �xed point. Then by Theorem 4, there exists an
x0∈Bd X such that

0¡d(x0; f(x0))≤d(y; f(x0)) for all y∈X:

This contradicts condition (i).
(ii) For any x∈X such that x 6=f(x), there exists a y∈X such that

y∈X ∩B(f(x); �d(x; f(x)):

Then

d(y; f(x)≤ �d(x; f(x))¡d(x; f(x)):

Therefore (ii) implies (i).
(iii) Clearly (iii) implies (ii).
(iv) Clearly (iv) implies (ii).
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Remark. Case (iii) is due to Khamsi [5, Theorem 6], and a particular form of case (iv)
to Espinola-Garcia [3, Lemma 1], by di�erent method. Note that case (iv) is analogous
to theorems of Brouwer, Schauder and Rothe.

The following is known as the Schauder conjecture which is almost seventy years old:

Problem. Let X be a compact convex subset of a (metrizable) topological vector
space. Does any f∈C(X; X ) have a �xed point?

This is not solved yet. Note that if X is metrizable and every ball is convex, then
the problem is a�rmative. See [9, Corollary 13.2]. However, if X is a compact ad-
missible subset of a hyperconvex space, then any f∈C(X; X ) has a �xed point by
Theorem 5(iv).
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