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A UNIFIED FIXED POINT THEORY OF MULTIMAPS
ON TOPOLOGICAL VECTOR SPACES
SEHIE PARK
ABSTRACT. We give general fixed point theorems for compact multimaps in the "better" admissible class ~I< defined on admissible
convex subsets (in the sense of Klee) of a topological vector space
not necessarily locally convex. Those theorems are used to obtain
results for 4>-condensing maps. Our new theorems subsume more
than seventy known or possible particular forms, and generalize
them in terms of the involving spaces and the multimaps as well.
Further topics closely related to our new theorems are discussed and
some related problems are given in the last section.

1. Introduction
Schauder [1930] showed that a continuous compact map f : H -+ H
defined on a closed convex subset H of a Banach space has a fixed
point. This theorem has an enormous influence on fixed point theory,
differential equations, variational inequalities, equilibrium problems,
and many other fields in mathematics. Moreover, there have appeared
a large number of generalizations and their applications for various
classes of multimaps defined on convex subsets of topological vector
spaces more general than Banach spaces. Therefore, it would be desirable to present the most general result which can subsume many of
generalizations of the Schauder theorem.
In this paper, we give general Schauder type fixed point theorems
for compact multimaps in the class ~K of "better" admissible maps
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(see Park [1997b,d]) defined on admissible convex subsets (in the sense
of Klee [1960]) of a topological vector space which is not necessarily
locally convex. Moreover, we also obtain new fixed point theorems for
condensing multimaps in "better" admissible classes. Our new theorems subsume more than seventy known or possible particular forms,
and generalize them in terms of the involving spaces and the multimaps
as well.
In Section 2, we introduce the concept of admissible subsets of a
topological vector space in the sense of Klee [1960] and "better" admissible classes ~, ~(T, and ~K of multimaps.
Section 3 deals with our new fixed point theorems for compact maps
in these classes and their history. In fact, we list more than sixty papers
in chronological order, from which we can deduce particular forms of
our theorems,
In Section 4, we obtain new fixed point theorems for condensing
maps in "better" admissible classes, and show that our new results
subsume many of known theorems.
Section 5 deals with some further comments and remarks related to
our new results and the Schauder conjecture. Some related problems
are raised.
A part of this paper has appeared in the announcement of Park
[1997d].

2. Better admissible classes of multimaps

A multimap or map T : X - 0 Y is a function from X into the power
set of Y with nonempty values, and x E T- (y) if and only if y E T( x).
For topological spaces X and Y, a map T : X - 0 Y is said to be
closed if its graph Gr(T) = ((x,y) : x E X, Y E T(x)} is closed in
X x Y, and compact if the closure T(X) of its range T(X) is compact
in Y.
A map T : X - 0 Y is said to be upper semicontinuous (u.s.c.) if for
each closed set BeY, the set T-(B) = {x EX: T(x) n B #·0} is a
closed subset of X; lower semicontinuous (l.s.c.) if for each open set
BeY, the set T-(B) is open; and continuous if it is u.s.c. and l.s.c.
Note that every u.s.c. map T : X - 0 Y with closed values is closed
and that its converse is true whenever Y is compact.
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Recall that a nonempty topological space is acyclic if all of its reduced Cech homology groups over rationals vanish. Note that any convex or star-shaped subset of a topological vector space is contractible,
and that any contractible space is acyclic. A map T : X - 0 Y is said
to be acvclic if it is u.s.c. with compact acyclic values.
Throughout this paper, t.v.s. means Hausdorff topological vector
spaces, and co denotes the convex hull.
A nonempty subset X of a t.v.s. E is said to be admissible (in
the sense of Klee [1960)) provided that, for every compact subset K
of X and every neighborhood V of the origin 0 of E, there exists a
continuous map h : K ---7 X such that x - h(x) E V for all x E K and
h(K) is contained in a finite dimensional subspace L of E.
Note that every nonempty convex subset of a locally convex t.v.s. is
admissible; see Nagumo [1950]. Other examples of admissible t.v.s. are
lP, LP, the Hardy spaces HP for 0 < P < 1, the space 8(0,1) of equivalence classes of measurable functions on [0, 1], certain Orlicz spaces,
ultrabarrelled t.v.s. admitting Schauder basis, and others. Moreover,
any locally convex subset of an F-normable t.v.s. is admissible and
that every compact convex locally convex subset of a t.v.s. is admissible. Note that an example of a nonadmissible nonconvex compact
subset of the Hilbert space l2 is known. For details, see Hadzic [1984],
Weber [1992a,b], and references therein.
Let X be a nonempty convex subset of a t.v.s. E and Y a topological
space. A polytope P in X is any convex hull of a nonempty finite subset
of X; or a nonempty compact convex subset of X contained in a finite
dimensional subspace of E.
An admissible class ~~(X, Y) of maps T : X - 0 Y is a class such
that, for each T and each compact subset K of X, there exists a map
rE Sltc(K, Y) satisfying r(x) c T(x) for all x E K; where ~c consists
of finite compositions of maps in ~, and ~ is a class of maps satisfying
the following properties:
(i) ~ contains the class le of (single-valued) continuous functions;
(ii) each F E ~c is u.s.c. and compact-valued; and
(Hi) for any polytope P, each F E ~c(P, P) has a fixed point, where
the intermediate spaces are suitably chosen.
We define the "better" admissible class ~ of multimaps defined on
X as follows:
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F E ~(X, Y) -{=:=:::? F : X --<l Y is a map such that for any polytope
P in X and any continuous function j : F(P) ---+ P, the composition
j(Flp) : P --<l P has a fixed point.
Subclasses of ~ are classes of continuous functions C, the Kakutani
maps ]I{ (with convex values and codomains are convex spaces), the
Aronszajn maps M (with R8 values), the acyclic maps V (with acyclic
values), the Powers maps Vc (finite compositions of acyclic maps), the
O'Neill maps N (continuous with values of one or m acyclic components, where m is fixed), the approachable maps in. (whose domains
and codomains are subsets of t.v.s.), admissible maps of G6rniewicz
[1976], a-selectionable maps of Haddad and Lasry [l983], permissible
maps of Dzedzej. [1985], the class ]I{;; of Lassonde [1991], the class V;;
of Park et al. [1994], and approximable maps of Ben-El-Mechaiekh
and Idzik [1994], and many others. Those subclasses are all examples
of the admissible class 2t.~; see Park [1993a,b], Park and Kim [1993].
Some examples of maps in ~ not belonging to 2t.~ were given recently
in Park [1997c].
We define another classes related to ~(X, Y) as follows:

F

E ~(T(X, Y)

F : X --<l Y is a map such that for any acompact convex subset K of X, there is a closed map r E ~(K, Y)
such that r(x) c F(x) for each x E K.
-{=:=:::?

F E ~""(X, Y) -{=:=:::? F: X --<l Y is a map such that for any compact
convex subset K of X, there is a closed map r E ~(K, Y) such that
r(x) c F(x) for each x E K.
Note that the classes ]I{~, V~, and 2t.~ are examples of ~(T and that
c ~""; see Park [1993a,b, 1997b,d].
It is clear that ~(T C ~"" and any subclass of ~ or ~"" will be called
a "better" admissible class.

2t.~

3. New fixed point theorems for compact multimaps
The following is our new fixed point theorem for compact better
admissible maps:
THEOREM 1. Let E be a t. v.s. and X an admissible convex subset
of E. Then any compact map F E ~""(X, X) has a fixed point.
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Proof. Let V be a fundamental system of neighborhoods of the origin
and V E V. Since F(X) is a compact subset of the admissible
subset X, there exist a continuous map h : F(X) --+ X and a finite
dimensional subspace L of E such that x - h(x) E V for all x E F(X)
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subset of L and hence K := co M is a compact convex subset of L n X .
Note that h: F(X) --+ K and FIK : K --+ F(X). Since F E ~X;(X,X)
and K is a compact convex subset of X, there exists a closed map
r E ~(K, F(X)) such that r(x) C F(x) for all x E K. Then the
composition hr : K - 0 K has a fixed point Xv E (hr)( xv) since K
is a polytope. Let Xv = h(yv) for some Yv E r(xv) c F(X). We
have Yv - h(yv) = Yv - Xv E V. Since F(X) is compact, we may
assume that Yv converges to some x. Then Xv also converges to x and
hence x E K. Since the graph of r is closed in K x r(K), we have
x E r(x) c F(x). This completes our proof.
D
::'~.l':"~--.

::~~" .\~.~-

ii ._ .:....,. .. "..

J:..-.•

It should be noted that, in Theorem 1, the admissibility of X can
be replaced by that of F(X) without affecting its conclusion.
We have the following immediately:
COROLLARY 1.1. Let E be a t. v.s. and X an admissible convex
subset of E. Then any closed compact map F E ~(X, X) has a fixed
point.

Proof. Any closed map F

E ~(X,

X) belongs to

~X;(X, X).

D

COROLLARY 1.2. Let E be a t.v.s. and X an admissible convex
subset of E. Then any compact map F E ~(T(X,X) has a fixed point.

In the remainder of this section, we list more than sixty papers
in chronological order, from which we can deduce particular forms of
Theorem 1. Some results are direct consequences of Theorem 1; and
for some cases we can obviously obtain particular forms of Theorem 1
for a subclass of ~/'L and a special type of t.v.s.
Poincare [1883, 1884]: An n-dimensional version of the intermediate
value theorem equivalent to Brouwer's theorem [1912].
Bohl [1904]: An equivalent form of Brouwer's theorem [1912].
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Brouwer [1912]: Corollary 1.1 for an n-simplex X and the subclass
C of all continuous functions instead of~.
Alexander [1922]: Corollary 1.1 for the closed (n-l)-ball X and ~ =
Co (This means that the author obtained his result for the subclass C
of~.)

Birkhoff and Kellogg [1922]: Fixed point theorems and invariant
direction theorems for finite dimensional or function spaces C([a, b])
and L 2 ( a, b). Applied to the classical existence theorems for differential
and integral equations, linear and nonlinear.
Schauder [1927]: Corollary 1.1 for a compact convex subset X of a
Banach space and ~ = C. Applied to solutions of second order partial
differential equations of hyperbolic type.
Schauder [1930]: Corollary 1.1 for a closed convex subset X of a
Banach space and ~.= C, and two more theorems. Note that in view
of Corollary 1.1, X can be a mere convex subset of a normed vector
space.
Tychonoff [1935]: Corollary 1.1 for a compact convex subset X of
a locally convex t.v.s. and ~ = Co Applied to solutions of systems of
differential equations.
von Neumann [1937]: An equivalent form of Corollary 1.1 for a
compact" convex subset X of Rm and ~ = ]I{c. Applied to various
problems of mathematical economics.
Krein and Smulian [1940]: Two extensions of Schauder's theorem
for separable Banach spaces.
Miranda [1940]: An n-dimensional version of the intermediate value
theorem equivalent to Brouwer's theorem [1912].
Kakutani [1941]: Corollary 1.1 for the case X is a simplex or a
compact convex subset of a Euclidean space and ~ = ]I{ the class
of Kakutani maps; that is, u.s.c.. maps with compact convex v8lues.
Applied to simple proofs ofvon Neumann's intersection theorem [1937]
and minimax theorem. Later, this result has been applied to numerous
problems in various fields; see Park [1995b].
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Eilenberg and Montgomery [1946]: Kakutani's theorem is extended
to ~ = V the class of acyclic maps; that is, u.s.c. maps with compact
acyclic values.
Begle [1950]: Extended the above result of Eilenberg and Montgomery. A consequenceis that F E V(X, Xj has a fixed point ii X is
a compact convex subset of a locally convex t.v.s.
Bohnenblust and Karlin [1950]: Corollary 1.1 for the case X is a
closed convex subset of a Banach space E and ~ = lK.. (This means
that the authors obtained their result for the subclass lK. of ~.)
Hukuhara [1950]: Corollary 1.1 for the case E is a locally convex
t.v.s. and ~ = <C. Proved the admissibility of a convex subset of a
locally convex t.v.s. and noted that it was shown in 1948 by himself.
Nagumo [1951]: Every locally convex t.v.s. is admissible.
Fan [1952]: Corollary 1.1 for the case X is a compact convex subset
of a locally convex t.v.s. and ~ =]I{. Applied to an intersection
theorem and a minimax theorem.
Glicksberg [1952]: Same as above. Applied to the Nash equilibrium
points.
.
O'Neill [1957]: Corollary 1.1 for the case X is a compact convex
subset of a Euclidean space and ~ = N the class of O'Neill maps; that
is, continuous maps with values of one or m acyclic components, where
m is fixed. Gave more general forms.
Schaefer [1959]: Corollary 1.1 for the case X is a complete convex
subset of a locally convex t.v.s. and ~ = <C. Applied to nonlinear
maps defined on (a subset of) the positive cone in a partially ordered
locally convex t.v.s.
Nikaido [1959]: Let M be a compact Hausdorfftopological space, N
a finite dimensional compact convex set and u, r : M - t N continuous
functions such that r is onto and r-(q) is acyclic for each q E N. Then
there exists apE M such that u(P) = rep).
Note that ur- E Vc(N, N) has a fixed point q E N by Corollary
1.1. Choose any p E r-(q). Then we have the conclusion.
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Singbal [1962]: A proof of Hukuhara's theorem [1950], as suggested
by Bonsall [1962], who did not know that it was already done.
Fan [1964]: Corollary 1.1 for the case X is a compact convex subset
of a t.v.s. E on which E* separates points and s.B = C.
Now it is well-known that such X is affinely embeddable in a locally
convex t.v.s.; see Weber [1992b].
Powers [1970]: X is a (open or closed) convex subset of a Banach
space and s.B = V in Corollary 1.1.
Powers [1972]: X is a convex subset of a Banach space and s.B
where the intermediate spaces are metric, in Corollary 1.1.

= Vc,

Himmelberg [1972]: Corollary 1.1 for the case E is a locally convex
t.v.S. and s.B = lK. Applied to generalizations of the von Neumann
intersection theorem and the minimax theorem.
Rhee [1972]: X is a closed bounded convex subset of a Banach space
and s.B = lK in Corollary 1.1.
Fournier and Granas [1973]: X = E and s.B = C in Corollary 1.1.
This also holds for closed shrinkable neighborhoods X of zero in an
admissible t.v.s.
Sehgal and Morrison [1973]: A variant of the fixed point theorem of
Himmelberg [1972] is obtained.
Hahn and Potter [1974]: Corollary 1.1 for the subclass C of s.B under
the additional assumption that X is closed.
G6rniewicz [1976]: E is a normed space and s.B is the subclass of
admissible compact maps in Corollary 1.1.
In the category of metric spaces, for a map <p : X - 0 Y, a pair (p, q)
of continuous functions of the form X ?- ~ Y is called a selected
pair of <p if the following two conditions are satisfied:
(i) p is a Vietoris map (that is, p is proper, p-(X) = Z, and p-(x)
is acyclic for all x E X); and
(ii) q(p-(x)) c cp(x) for each x E X.
An admissible map cp : X - 0 Y (in the sense of G6rniewicz) is one
having such a selected pair. A composition of two admissible maps is
admissible.

z
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c: in Corollary

Skordev [1976]: General forms of the case ~ = V of Corollary 1.1
are obtained for an open acyclic subset X. A particular form for ~ = c:
:,~.~ tJ.:r(;~~} b~·.·~~;' "Gy FCUi'"niCL aliu CraIias ~l~~"JJ~
Idzik [1978]: The generalization of Himmelberg's theorem [1972]
due to Sehgal and Morrison [1973] was shown to be equivalent to that
theorem. Applications of Himmelberg's theorem to the existence of an
equilibrium state in a special noncooperative game were also given.
Ha [1980]: Showed that JK is a subclass

of~.

Hadzic [1980]: It was shown that a class of subsets of type ep is
admissible in a t.V.s.
G6rniewicz and Granas [1981]: Extended the concept of admissible
maps of G6rniewicz [1976] to morphisms in the category of Hausdorff
topological spaces. Moreover, in this category, any finite composition
of acyclic maps is admissible.
It is noted that the class of maps determined by some compact
morphism is an example of~.
Ben-EI-Mechaiekh, Deguire, et Granas [1982]: Theorem 1 for the
case E is locally convex and ~K is restricted to the subclass of the
Fan-Browder maps A: X ~ X; that is, A(x) is convex for each x E X
and X = U{IntA-(y) : y EX}.
Haddad and Lasry [1983]: A map

r :X ~
{r n}nEN

Y is said to be (Jof u.s.c. maps r n
X ~ Y having compact values and continuous selections such that
(a) r n+l(x) er n(x) for any x E X and any n E N;
(b) r(x) = nnEN r n(X) for any x EX.
Note that such r is U.S.c. with nonempty compact values. It is
known that r E ~(X, Y) whenever r is (J-selectionable; see Proposition
A.I.3 and Theorem A.IlLl of Haddad and Lasry [1983].
Note that Corollary 1.1 is a far-reaching generalization of Theorem
A.IlLl of that paper; see Park [1998a].
selectionable if there exists a sequence

Arino, Gautier, and Penot [1984]: Corollary 1.1 for the case E is a
metrizable locally convex t.v.s., X is a weakly compact convex subset
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of E, and F = f : X - t X a weakly sequentially continuous map.
Applied to ordinary differential equations.
Dzedzej [1985]: A permissible map F : X --<J Y is a compact-valued
u.s.c: map such that there exists an F E Mc(X, Y) satisfying F(x) c
F(x) for all x E X, where M(X, Y) is given as follows:
Let Mo(X, Y) = V(X, V);
F E M-m(X, Y) {::::::::? F is an O'Neill map; that is, F is continuous
and has values consisting of one or m compact acyclic components; and
FE M(X, Y) <===?- F E M-m(X, Y) for some integer m 2: o.
The class of all permissible maps is an example of~.
Simons [1986]: For any polytope P, each F = F1 ••• Fn E JK:c(P, P)
has a fixed point, where the range of F i is contained in a convex set.
This shows that JK:c is an example of~.
McLinden [1989]: X is a compact convex subset of a locally convex
t.v.s. and ~ = V in Corollary 1.1. This is a consequence of Begle
[1950].
Ben-El-Mechaiekh [1990]: X is a compact convex subset of a locally
convex t.v.s. and ~ = JK:c in Corollary 1.1.
Lassonde [1990J: E is locally convex and

~ =

JK:c in Corollary 1.1.

Ben-El-Mechaiekh [1991]: E is locally convex and ~ = A, the class
of approachable maps, in Corollary 1.1.
Given two open neighborhoods U and V of the origins in t.v.s. E
and F, respectively, and X c E and Y c F, a (U, V)-approximative
continuous selection of T : X --<J Y is a continuous function s : X - t Y
satisfying

s(x) E (T[(x + U) n XJ

+ V) n Y

for each

x E X.

A map T : X --<l Y is said to be approachable if it admits a (U,V)approximative;continuous selection for every U and V as above.
Ben-El-Mechaiekh and Deguire [1991]: E is locally convex and ~ is
the subclass of approachable maps A or A c in Corollary 1.1.
Lassonde [1991J: E is locally convex and

~cr

=

JK:~

in Corollary 1.2.
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Shioji [1991]: Noted that V is an example of 23. This is already
known by Eilenberg and Montgomery [1946] and G6rniewicz [1976].
Park [1992a]: Corollary 1.1 for the case X is a compact convex
subset of a locally convex t.v.s. E and 23 = V,:, where intermediate
spaces are all compact convex subsets of locally convex t.v.s. Some
related results are also given.
Park [1992b]: E is locally convex and 23 = V in Corollary 1.1. Applications are followed by Kum [1994] to generalized quasi-variational
inequalities and by Lee et al. [1996] to vector quasi-variational inequalities.
Ben-EI-Mechaiekh [1993]: E is locally convex and 23 = A, the class
of approachable maps, in Corollary 1.1. Some applications to fixed
point or coincidence theorems are obtained.
Park [1993a]: E is locally convex and 23

= 2te

in Corollary 1.1.

Park [1993b]: X is a compact convex subset of a t.v.s. E on which
E* separates points and 23/1; = 2t~ in Theorem 1.
Park [1994]: E is locally convex and 23(1 = 2t~ in Corollary 1.2.
Park, Singh, and Watson [1994]: E. is locally convex and 230" = V~ in
Corollary 1.2. Applied to best approximation and fixed point theorems.
Park [1995a]: X is a compact convex subset of a locally convex t.V.S.

E and 23 = V in Corollary 1.1. Some results on best approximations
and fixed points are also given.
Chang and Yen [1996]: E is locally convex and 23 = KKM in Corollary 1.1.
For a convex space X, a topological space Y, and a map T : X
Y,
the authors defined
--<)

T E KKM(X, Y) ~ the family {S(x) : x E X} has a finite
intersection property whenever S : X - 0 Y has closed values and
T(coN) c S(N) for each nonempty finite subset N of X.
The authors applied their result to some coincidence theorems and
other problems.
Note that, in the class of closed compact maps, two subclasses 23
and KKM coincide; see Park [1997bJ.
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Chu [1996]: E is locally convex and
is already appeared in Park [1992b].

~ =

V in Corollary 1.1. This

Park [1996]: E is locally convex and ~ = V in Corollary 1.1. Other
results for a t.v.s. E on which E* separates points and their applications are given.
Park and H. Kim [1996]: Another proofs of Park's earlier results for
locally convex t.v.s. and ~lT = Ql.~ in Corollary 1.2.
Park [1997b]: E is locally convex in Corollary 1.1. Applied to condensing maps and other problems.
Park [1998b]: ~ = V in Corollary 1.1. Applied to existence of
solutions of quasi-equilibrium problems.

4. New fixed point theorems for condensing multimaps
In this section, we deduce new theorems for condensing maps.
Let E be a t.v.s. and C a lattice with a least element, which is
.denoted by O. A function ~ : 2E ~ C is called a measure of noncompactness on E provided that the following conditions hold for any
X,Y E 2E :
(1) ep(X) = 0 if and only if X is relatively compact;
(2) ~(coX) = ~(X); and
(3) ~(X U Y) = max{~(X), ~(Y)}.
It follows that X c Y implies ~(X) ::::; ~(Y).
The above notion is a generalization of the set-measure, and the
ball-measure X of noncompactness defined in terms of a family of seminorms or a norm.
For X c E, a map T : X - 0 E is said to be ~- condensing provided
that if A c X and ~(A) ::::; ep(T(A)), then A is relatively compact; that
is, ~(A) = O.
From now on, we assume that ~ is a measure of noncompactness on
the given t.v.s. E if necessary.
Note that each map defined on a compact set is ~-condensing. If E
is locally convex, then a compact map T : X - 0 E is ,- or x-condensing
whenever X is complete or E is quasi-complete.
The following is well-known; for example, see Mehta et al. [1997].
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LEMMA. Let X be a nonempty closed convex subset of a t. V.s. E
and T : X - 0 X a <'P-condensing map. Then there exists a nonempty
compact convex subset K of X such that T(K) c K.
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THEOREM 2. Let X be an admissible closed convex subset of at. v.s.
E. Then any <'P-condensing map F E Q311O(X, X) has a fixed point.

Proof. By Lemma, there is a nonempty compact convex subset K
of X such that F(K) c K. Since F E ~IIO(X, X), there exists a closed
map r E Q3(K, K) such that r(x) C F(x) for all x E K. Since r
is compact, by Corollary 1.1, it has a fixed point XQ E K; that is,
XQ E r(XQ) C F(xQ)' This completes our proof.
0
COROLLARY 2.1. Let X be an admissible closed convex subset of a
t. v.s. E. Then any closed ip-condensing map F E Q3(X, X) has a fixed

point.
2.2. Let X be an admissible closed convex subset of
a t. V.s. E. Then any ip-condensing map F E ~O" (X, X) has a fixed
point.
COROLLARY

In the remainder of this section, we list more than ten papers in
chronological order, from which we can deduce particular forms of Theorem 2.
F

Darbo [1955]: A form of Corollary 2.1 for a Banach space E and
E C(X,X) was obtained.

=f

Sadovskii [1967]: The same as above.
Lifsic and Sadovskii [1968]: The above result was extended to a
locally convex t.v.s. E.
Himmelberg, Porter, and Van Vleck [1969]: A form of Corollary 2.1
for a locally convex t.v.s. and F E JI{(X, X).
DaneS [1970], Furi and Vignoli [1970], and Nussbaum [1971) obtained particular forms of Corollary 2.1 for a Banach space E.
Reich [1971] extended Sadovskii's theorem to a locally convex t.v.s.
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Reinermann [1971J: A form of Corollary 2.1 for a Banach space and
F = f E C(X,X).
This direction of study moved to the type ~(X, E) of maps with
certain boundary conditions (for example, so-called Leray-Schauder
condition, inwardness, and so on) and there have appeared a lot of
results on such maps; see Park [1995b, 1997a]. However, we still have
particular forms of Theorem 2 as follows:
Mehta, Tan, and Yuan [1997]: Particular forms of Theorem 1 and
Corollary 2.1 for the Fan-Browder type maps and the Kakutani maps,
respectively, were obtained for a locally convex t.v.s.
Park [1997b]: Theorem 2 and Corollary 2.1 for a locally convex t.y.s.

E.
5. Related results and problems
In this section, we collect known results which are closely related to
.our new theorems but are not included in. Consequently, a number of
natural questions occur.
Many of the results quoted in this paper are closely related to the
following problem known as the Schauder conjecture posed by Schauder
in the Scottish Book in around 1935:
PROBLEM 1. Does every compact convex subset X of a (metrizable)
t.v.s. have the fixed point property? That is, does any continuous map
f: X -+ X have a point XQ E X such that XQ = f(xQ)?
Note that Theorem 1 is one of the most general partial solution
to (the generalized forms) of Problem 1. Note also that there are
many open problems related to the Schauder conjecture. See Hadzic
[1984]' Idzik [1987, 1988], Weber [1992a,b], Nguyen [1996], and references therein.
Theorem 1 would be the generalized solution of the Schauder conjecture if the following long-standing problem raised by Klee [1960] had
a negative solution:
PROBLEM 2. Is there a (compact) convex non-admissible subset of
a t.v.s.?
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The following is noteworthy:
Glebov [1969]: The fixed point theorem of Fan [1952] and Glicksberg
[1952] is extended to partially closed maps.
Far-reaching generalizations of this result including a large number
of historically well-known particular forms were due to Park [1992b,cj,
[1993b].
PROBLEM 3. Does (any particular form of) Theorem 1 hold for
partially closed maps instead of closed maps?

There are some other extensions of the Schauder fixed point theorem:
Zima [1977]: The Schauder theorem was extended to paranormed
spaces (not necessarily locally convex).
Rzepecki [1979]: Let X be a convex subset of a t.v.s. E, and f :
X ---+ X a continuous compact map such that K = f(X) is locally
convex; that is, for every x E K and every neighborhood V of x, there
exists a neighborhood U of x such that co(U n K) c V. Then f has a
fixed point.
This theorem is applied to obtain fixed point theorems of the Sadovskii or Krasnoselskii types and results on theory of equations.
Girolo [1981]: Let X be a compact convex subset of a normed vector
space. Then a function f : X --t X is called a connectivity map whenever the graph of f over each connected subset of X is a connected set.
It was shown that the class of connectivity maps is a subclass of ~.
Hadzic [1981]: A generalization of Zima's theorem [1977] to the
Kakutani maps and other results were obtained.
Hadzic [1982a]: A particular form of Rzepecki's theorem [1979] for
metrizable case and its generalization to the Kakutani maps were obtained.
Hadzic [1982b]: Introduce~ the concept of a set of Z type and noted
that every convex subset of Z type is locally convex. Collected theorems due to the author and others.
Idzik [1987]: Rzepecki's theorem [1979] is extended to the case K =
f(X) is convexly totally bounded; that is, for every neighborhood V
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of 0 E E there exists a finite subset {xihEI of E and a finite family of
convex subsets {CihEI of V such that K c UiEI{Xi +Ci }.
Idzik [1988]: The above and other results were extended to the
Kakutani maps.
It is also noted that in a locally convex t.v.s. E, every subset is of
Z type and is locally convex, and that any compact set (in a t.v.s.)
which is locally convex or of Z type is convexly totally bounded.
Therefore Idzik's theorems generalize works of Zima [1977], Rzepecki
[1979], Hadzic [1981, 1982a,b] and others related to sets of Z type.
Moreover, if the following is affirmative, then Idzik's theorem will
follow from Theorem l.
PROBLEM 4.
admissible?

Is any compact and convexly totally bounded set

References on the study on convexly totally bounded sets can be
found in Weber [1992a,b].
Arandelovic (1995]: HadziC's extension (1981] of Zima's theorem
[1977] was proved by using the KKM theorem due to Ky Fan.
Pasicki [1995]: Proved Himmelberg's theorem [1972] without assuming the Hausdorffness of the locally convex t.v.s.
Nguyen [1996]: In a metrizable t.v.s. E, the admissibility is extended to weak admissibility for compact convex subsets. Showed that
such subset has the fixed point property. This gives a partial solution
to the Schauder conjecture.
He also raised the following and other problems:
PROBLEM 5. Is every compact convex subset of E weakly admissible?
PROBLEM 6. Is every weakly admissible compact convex subset of
E: (i) an AR? or (ii) admissible?
Chang [1998]: Pasicki's theorem [1995] holds for the KKM class of
multimaps without assuming the Hausdorffness of the locally convex
t.v.s.
PROBLEM 7. Does (any particular form of) Theorem 1 hold without
assuming the Hausdorffness of the t.v.s.?
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Finally we should mention the following important paper:
G6rniewicz and Rozploch-Nowakowska [1996]: Contains a survey of
various results concerning the Schauder theorem for metric spaces both
comparable to our Theorem 1.
ACKNOWLEDGEMENT. This work was initiated while the author was
visiting the Institute of Computer Science, Polish Academy of Sciences
and Universities at Torun and Lublin from June to August in 1996. The
author would like to express his gratitude to Professors K. Goebel, L.
G6rniewicz, A. Granas, and A. Idzik for their kind hospitality.
The contents of this paper was presented as the main lecture at the
2nd Conference on the KKM theory and Related Topics, Changhua,
Taiwan on January 16, 1997 under the title "Generalized Schauder type
fixed point theorems". This paper is also given as an invited talk at
the satellite conference of NACA '98, Josai University, Sakado, Japan
on July 23-25, 1998.

Bibliography
1883
H.
Sur certaines solutions particulieres du probleme des trois corps, C. R. Acad.
Sci. Paris 91 (1883),251-252. = Oeuvres de H. Poincare, t. VII, pp. 251-252.

POINCARE,

1884
POINCARE,

H.

Sur certaines solutions particulieres du probleme des trois corps, Bull. Astronomique 1 (1884),65-74. = Oeuvres de H. Poincare, t. VII, pJ>.253-261.

1904
BOHL, P.

Uber die Beweging eines mechanischen Systems in der Niihe einer Gleichgewichtslage, J. Reine Angew. Math. 121 (1904), 179-276.

Sehie Park

820

1912
L. E. J.
Uber Abbildung von Mannigfaltigkeiten, Math. Ann. 71 (1912),97-115.

BROUWER,

1922

J. W.
On transformations with invariant points, '!rans. Amer. Math. Soc. 23
(1922), 89-95.

ALEXANDER,

G. D. AND O. D. KELLOGG
Invariant points in junction space, '!rans. Amer. Math. Soc. 23 (1922),
96-115.

BIRKHOFF,

1927

J.
Zur Theorie stetiger Abbildungen in Funktionalriiumen, Math. Z. 26 (1927),
47-65.

SCHAUDER,

1930
J.
Der Fixpunktsatz in Funktionalriiumen, Studia Math. 2 (1930), 171-180.

SCHAUDER,

1935
TYCHONOFF, A.

Ein Fixpunktsatz, Math. Ann. 111 (1935),767-776.
1937

J.
Uber ein okonomische Gleichungssystem und eine Verallgemeinerung des
Brouwerschen Fixpunktsatzes, Erg. Math. Kolloq. 8 (1937), 73-83.

YON NEUMANN,

1940
M. AND V. SMULIAN
On regularly convex sets in the space conjugate to a Banach space, Ann.
Math. 41 (1940),556-583.

KREIN,

1941
S.
A generalization of Brouwer's fixed point theorem, Duke Math. J. 8·(1941),
457-459.

KAKUTANI,

C.
Un'osservazione su una teorema di Brouwer, Ball. Un. Mat. Ital. 3 (1941),
5-7.

MlRANDA,

A unified fixed point theory of multimaps on topological vector spaces

821

1946
EILENBERG, S. AND D. MONTGOMERY

Fixed point theorems for multi-valued transformations, Arner. J. Math. 68
(1946), 214-222.

1950
BEGLE, E. G.

A fixed point theorem, Ann. Math. 51 (1950), 544-550.
BOHNENBLUST, H.

F.

AND S. KARLIN

On a theorem of Ville, Contributions to the Theory of Games, Ann. of Math.
Studies 24, Princeton Univ. Press, 1950, pp. 155-160.
HUKUHARA, M.

Sur l'existence des points invariants d'une transformation dans l'espace fonctionnel, Jap. J. Math. 20 (1950), 1-4.
1951
NAGUMO, M.

Degree of mappings in convex linear topological spaces, Arner. J. Math. 73
(1951), 497-511.
1952
FAN,

Ky

Fixed-point and minimax theorems in locally convex topological linear spaces,
Proc. Nat. Acad. ScL USA 38 (1952), 121-126.

1. L.
A further generalization of the Kakutani fixed point theorem, with application
to Nash equilibrium points, Proc. Amer. Math. Soc. 3 (1952), 170-174.

GLICKSBERG,

1955
DARBO, G.

Punti uniti in transformazioni a condominio non compatto, Rend Sern. Mat.
Univ. Padova 24 (1955), 84-92.
1957
O'NEILL, B.

Induced homology homomorphisms for set-valued maps, Pacific J. Math. 7
(1957),1179-1184.
1959
NIKAIDO, H.

Coincidence and some systems of inequalities, J. Math.
(1959), 354-373.

Soc.

Japan 11

SCHAEFER, H. H.

On nonlinear positive operators, Pacific J. Math. 9 (1959),847-860.

o

822

Sehie Park
1960

KLEE, V.

Leray-Schauder theory without local convexity, Math. Ann. 141 (1960),
286-296. Corrections, Math. Ann. 145 (1962), 464-465.
1962
SINGBAL

Generalized form of Schauder- Tychonoff 's ji:&ed-point principle, Lectures on
Some Fixed-Point Theorems of Functional Analysis (F. F. Bonsall), Mimeographed Notes, Tata Institute, Bombay, 1962.
1964
FAN, Ky

Sur un theoreme minimax, C. R. Acad. Sci. Paris 259 (1964), 3925-3928.
1967
B. N.
A ji:&ed point principle, Functional Anal. Appl. 1 (1967), 151-153.

SADOVSKII,

1968

E. A. AND B. N. SADOVSKII
A ji:&ed point theorem for generalized condensing operators, Sov. Math.

- LIFSIC,

Dokl. 9 (1968), 1370-1371.
1969
N. I.
On a generalization of the Kakutani ji:&ed point theorem, Dokl. Akad. Nauk
SSSR 185 (1969) = Soviet Math. Dokl. 10 (1969),446-448.

GLEBOV,

C. J., J. R. PORTER, AND F. S. VAN VLECK
Fixed point theorems for condensing multijv.nctions, Proc. Amer. Math.
Soc. 23 (1969),635-641.

HIMMELBERG,

1970

J.
Generalized concentrative mappings and their ji:&ed points, Comment. Math.
Univ. Carolinae 11 (1970), 115-136.

DANES,

M. AND A. VIGNOLI
On o-nonexpansive mappings and ji:&ed points, Rend. Ace. Naz. Lincei 48
(1970), 195-198.

FURl,

POWERS,

M. J.

Lefschetz ji:&ed point theorems for multi-valued maps, Lect. Notes Math. 151
(1970), 74-81.

A unified fixed point theory of multimaps on topological vector spaces

823

1971
D.
The fixed point index for locally condensing mappings, Annali di Mat. 89
(1971),217-258.

NUSSBAUM, R.

REICH, S.

A fixed. pOtnt tfteorem tn locally convex spaces, Dull. CaL Main. Soc.
(1971), 199-200.

o~

J.
Fixpunktsiitze von Krasnoselskii-Typ, Math. Z. 119 (1971),339-344.

REINERMANN,

1972
HIMMELBERG,

C. J.

Fixed points of compact multijunctions, J. Math. Anal. Appl. 38 (1972),
205-207.

J.
LeJschetz fixed point theorems for a new class of multi-valued maps, Pacific
J. Math. 42 (1972), 211-220.

POWERS, M.

C. J.
On a class of multivalued mappings in Banach spaces, Canad. Math. Bull.
15 (1972), 387-393.

RHEE,

1973
A. GRANAS
The Lefschetz fixed point theorem for so"me classes of non-metrizable spaces,
J. Math. pures et appl. 52 (1973), 271-284.

FOURNIER, G. AND

V. M. AND E. MORRISON
A fixed point theorem for multifunctions, Proc. Amer. Math. Soc. 38
(1973),643-646.

SEHGAL,

1974
HAHN, S. UND K.-F. POTTER

Uber Fixpunkte kompakter Abbildv.ngen in topologischen Vektorriiv.men, Stud.
Math. 50 (1974), 121-134.

1976
L.
Homological methods in fixed point theory of multivalued maps, Dissertationes Math. 129 (1976), 71pp.

GORNIEWICZ,

KRAUTHAUSEN,

C.

Der Fixpunktsatz von Schauder in nicht notwendig konvexen Riiv.men sowie
Anwendv.ngen auf Hammerstein'sche Gleichungen, Dokt. Diss. TH Aachen,
1976.

824

Sehie Park

SKORDEV, G. S.

On the fixed point theorem of Schauder, Serdica-Bulgaricae Math. Publ. 2
(1976), 122-125.
1977

K.
On the Schauder's fixed point theorem with respect to para-normed space,
Comme~t. Math. Prae. Mat. 19 (1977),421-423.

ZIMA,

1978
A.
Remarks on Himmelbery's fixed point theorem, Bull.
Math. 26 (1978), 909-912.

IDZIK,

Aead.

Polon. SeL

1979
RZEPECKI, B.

Remarks on Schauder's fixed point principle and its applications, Bull. Aead.
Polon. SeL Math. 27 (1982),473-480.
1980
C.-W.
Minimax and fixed point theorems, Math. Ann. 248 (1980),73-77.

HA,

O.
On the admissibility of topologico1 vector spaces, Acta Sd. Math. 42 (1980),
81-85.

HADZIC,

1981
GIROLO,

J.

The Schauder fixed-point theorem for connectivity maps, Colloq. Math. 44
(1981), 59-64.

L. AND A. GRANAS
Some general theorems in coincidence theory, I, J. Math. pures et appl. 60
(1981), 361-373.

GORNIEWICZ,

O.
Some fixed point and almost fixed point theorems for multivalued mappings
in topological vector spaces, Nonlinear Anal. TMA 5 (1981), 1009-1019.

HADZIC,

1982

P. DEGUIRE ET A. GRANAS
Points fixes et coincidences pour les fonctions multivoque II (Applications
de type cp et cp*), C. R. Acad. Sd. Paris 295 (1982), 381-384.

BEN-EL-MECHAIEKH, H.,

A unified fixed point theory of multimaps on topological vector spaces

825

O.

HADZIC,

a. On Kakutani's fixed point theorem in topological vector space, Bull. Acad.
Polon. Sci. Math. 30 (1982), 3-4.

b. Fixed point theorems in not necessarily locally convex topological vector
spaces, Lect. Notes Math. 948 (1982), 118-130.
1983
HADDAD, G. AND

J.

M. LASRY

Periodic solutions of functional differential inclusions and fixed points of
u-selectionable correspondences, J. Math. Anal. Appl. 96 (1983), 295-312.
1984
ARINO,

0., S.

GAUTIER, AND

J.

P. PENOT

A fixed point theorem for sequentially continuous mappings with application
to ordinary differential equations, Funkcialaj Ekvacioj 27 (1984), 273-279.
HADZIC,

O.

Fixed Point Theory in Topological Vector Spaces, Univ. of Novi Sad, 1984,
337pp.

Z.
Fixed point index theory for a class of nonacyclic multivalued maps, Dissertationes Math. 253 (1985), 53pp.

DZEDZEJ,

1986'
S.
Cyclical coincidences of multivalued maps, J. Math. Soc. Japan 38 (1986),
515-525.

SIMONS,

1987
IDZIK, A.

On -y-almost fixed point theorems, The single-valued case, Bull. Pol. Acad.
Sci. Math. 35 (1987),461-464.
1988
A.
Almost fixed point theorems, Proc. Amer. Math. Soc. 104 (1988),779-784.

IDZIK,

1989
McLINDEN, L.

Acyclic multifunctions without metrizability, Resumes des Colloque International: Theorie du Point Fixe et Applicaitons, 5-9 juin 1989, MarseilleLuminy, pp. 150-15!.

826

Sehie Park

1990
H.
The coincidence problem for compositions of set-valued maps, Bull. Austral.
Math. Soc. 41 (1990), 421-434.

BEN-EL-MECHAIEKH,

LASSONDE, M.

Fixed points for Kakutani factorizable multifunctions, J. Math. Anal. Appl.
152 (1990),46-60.
1991
BEN-EL-MECHAIEKH,

H.

Geneml fixed point and coincidence theorems for set-valued maps, C. R.
Math. Rep. Acad. Sci. Canada 13 (1991), 237-242.
BEN-EL-MECHAIEKH,

H.

AND P. DEGUIRE

Geneml fixed point theorems of non-convex set-valued maps, C. R. Acad.
Sci. Paris 312 (1991),433-438.
LASSONDE, M.

Reduction du cas multivoque au cas univoque dans les problemes de coincidence, Fixed Point Theory and Applications (M. A. Thera and J.-B. Baillon,
eds.), Longman Sci. Tech., Essex, 1991, pp. 293-302.
N.
A jurther genemlization of the Knaster-Kumtowski-Mazurkiewicz theorem,
Proc. Amer. Math. Soc. 111 (1991), 187-195.

SHIOJI,

1992
PARK, SEHIE

a. Cyclic coincidence theorems for acyclic multijunctions on convex spaces,
J. Korean Math. Soc. 29 (1992),333-339.
b. Some coincidence theorems on acyclic multifunctions and applications
to KKM theory, Fixed Point Theory and Applications (K.-K. Tan, ed.),
World Sci., River Edge, NJ, 1992, pp. 248-277.
c. Fixed point theory of multifunctions in topological vector spaces, J. Ko-

rean Math. Soc. 29 (1992), 191-208.
H.
a. Compact convex sets in non-locally convex linear spaces, Schauder- TychonoJJ fixed point theorem, Topology, Measure, and Fractals (Warnemiinde,
1991), Math. Res. 66, Akademie-Verlag, Berlin, 1992, pp. 37-40.

WEBER,

b. Compact convex sets in non-Locally-convex linear spaces, Note di Matematica 12 (1992), 271-289.

A unified fixed point theory of multimaps on topological vector spaces

827

1993
H.
Continuous approximations of multijunctions, fixed points and coincidences,
Approximation and Optimization in the Carribean II (Florenzano et al., eds),
Peter Lang Verlag, Frankfurt, 1993, pp. 69-97.

BEN-EL-MECHAIEKH,

YARK, SEHIE

a. Coincidences of composites of admissible u.s.c. maps and applications,

C. R. Math. Rep. Acad. Sd. Canada 15 (1993), 125-130.
b. Fixed point theory of multijunctions in topological vector spaces, 11, J.
Korean Math. Soc. 30 (1993), 413-431PARK, SEHIE AND H. KIM

Admissible classes of multijunctions on generalized convex spaces, Proc.
Coli. Natur. Sd. Seoul Nat. Univ. 18 (1993), 1-21.
1994
BEN-EL-MECHAIEKH, H. AND A. IDZIK

A Leray-Schauder type theorem for approximable maps, Proc. Amer. Math.
Soc. 122 (1994), 105-109.
KUM,

S. H.

A generalization of generalized quasi-variational inequalities, J. Math. Anal.
Appl. 182 (1994), 158-164.
PARK, SEHIE

Foundations of the KKM theory via coincidences of composites of upper
semicontinuous maps, J. Korean Math. Soc. 31 (1994),493-519.
PARK, SEHIE, S. P. SINGH, AND B. WATSON

Some fixed point theorems for composites of acyclic maps, Proc.
Math. Soc. 121 (1994), 1151-1158.

Amer.

1995
1.
A short proof of a fixed point theorem in not necessarily locally convex spaces,
Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. 6 (1995),46-47.

ARANDELOVIC,

PARK, SEHIE

a. Acyclic maps, minimax inequalities, and fixed points, Nonlinear Anal.
TMA 24 (1995), 1549-1554.
b. Eighty years of the Brouwer fixed point theorem, Antipodal Points and
Fixed Points (by J. Jaworowski, W. A. Kirk, and S. Park), Lect. Notes
Ser. 28, RIM-GARC, Seoul Nat. Univ., 1995, pp. 55-97.
L.
On the KKM theorem, Bull. Po!' Acad. Sd. Math. 43 (1995), 1-8.

PASICKI,

828

Sehie Park
1996

CHANG, T.-H. AND C.-L. YEN

KKM property and fixed point theorems, J. Math. Anal. AppL 203 (1996),
224-235.
CHU, L.-J.

On Fan's minimax inequality, J. Math. AnaL AppL 201 (1996), 103-113.
GORNIEWICZ, L. AND

D.

ROZPLOCH-NoWAKOWSKA

On the Schauder fixed point theorem, Topology in Nonlinear Analysis (K.
Geba and L. G6rniewicz, eels.), Banach Center PubL 35 (1996), Warszawa,
207-219.
G. M., B. S. LEE, AND S.-S. CHANG
On vector quasivariational inequalities, J. Math. Anal. AppL 203 (1996),
626-638.

LEE,

NGUYEN To NHU

The fixed point property for weakly admissible compact convex sets: Searching for a solution to Schauder's conjecture, Topology AppL 68 (1996), 1-12.
PARK, SEHIE

Fixed points of acyclic maps on topological vector spaces, World Congress of
Nonlinear Analysts '92-Proceedings (V. Lakshmikantham, eel.), Walter de
Gruyter, Berlin/New York, 1996, pp. 2171-2177.
PARK, SEHIE AND H. KIM

Coincidence theorems for admissible multijunctions on generalized convex
spaces, J. Math. Anal. Appl. 197 (1996), 173-187.
1997
G, K.-K. TAN, AND X.-Z. YUAN
Fixed points, maximal elements and equilibria of generalized games, Nonlinear Anal. TMA 28 (1997), 68!H599.

·MEHTA,

PARK, SEHIE

a. Generalized Leray-Schauder principles for condensing admissible multijunctions, Annali di Mat. 172 (1997), 65-85.
b. Coincidence theorems for the better admissible multimaps and their applications, WCNA '96-Proceedings, Nonlinear Anal. TMA 30 (1997),
no. 7,4183-4191.

c. Remarks on fixed point theorems of Ricceri, Proc. '97 Workshop on Math.
Anal. Appl., Pusan Nat. Univ., 1997, pp. 1-9.
d. Fixed points of the better .admissible multimaps, Math. ScL Res. HotLine 1 (1997), no. 9, 1-6.

A unified fixed point theory of multimaps on topological vector spaces

829

1998
CHANG,

S.-Y.

On KKM properties, to appear.
PARK, SEHIE

a. Fixed points of u-selectionable multimaps, Math. Sci. Res. Hot-Line 2
(1998), no. 5, 23-28.
b. Fixed points and quasi-equilibrium problems, Math. Comp. Modelling,
to appear.

Department of Mathematics
Seoul National University
Seoul 151-742, Korea
E-mail: shpark@math.snu.ac.kr

