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FOUNDATIONS OF THE KKM THEORY

VIA COINCIDENCES OF COMPOSITES

OF UPPER SEMICONTINUOUS MAPS

SEHIE PARK

1. Introduction

In the KKM theory, there exist mutually equivalent fundamental
theorems from which most of the other important results in the theory
can be deduced. We give such fundamental theorems related to com
posites of upper semicontinuous (u.s.c.) multifunctions in a very large
class.

An u.s.c. multifunction with nonempty compact convex values will
be called a K ak1£tani map. Recently, Simons [Sil] and Lassonde [L2]
extended the well-known fixed point theorems due to Kakutani [Kk]
and Himmelberg [Hi] to multifunctions factorizable by Kakutani maps
through convex sets in topological vector spaces. Such multifunctions
arise in a natural way in minimax and coincidence theories. For the
literature, see [L2], [GL2], [Grl-3]. Later Lassonde [L4] obtained the
same results for a larger class of multifunctions.

On the other hand, Ben-El-Mechaiekh [Bnl] obtained an elemen
tary proof of a fairly general fixed point theorem for composites of
Kakutani maps defined on a class of general extension spaces contain
ing locally convex and some not necessarily locally convex topological
vector spaces. He also deduced some general coincidence theorems
for composites of multifunctions. The aim in [L2], [Bnl] lies to give
elementary approach to the convex-valued multifunctions not using ho
mological methods. Recently, Ben-EI-Mechaiekh and Deguire [BDl-3]
generalized the main results of [Bnl] to a very large class of "admissi
ble" u.s.c. maps with non-convex values.

An u.s.c. multifunction with compact acyclic values will be called
an acyclic map. In [P5], the results in [Sill were generalized to acyclic
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maps. Later the present author [PG] obtained a general Fan-Browder
type coincidence theorem related to acyclic maps, and gave its equiva
lent formulations to fundamental theorems int.heKK:M: theory. More
over, a number of its applications were given to the KKM theory and
fixed point theory. Further applications to acyclic maps were also given
in tlie author's previous works [P7-9]: ..

The purpose in this paper is, first, to establish some coincidence the
orems for composites of multifunctions including a class of very general
u.s.c. maps. Consequently, we obtain generalizations of main results
of [L2,4], [Bnl], [BDl-3]' [PG] to a class of maps which properly in
cludes that of multifunctions factorizable by Kakutani or acyclic maps.
Secondly, we show that fundamental theorems in the'KKM theory can
be obtained in far-reaching generalized forms related to such class of
maps. Those are the KKM theorem, the matching theorem, the Fan
BrowdeI'.. fixed point theorem, the Ky Fan minimax inequality, analytic
alternatives, geometric properties of convex sets, and others.

Our new results extend, improve, and unify main theorems in more
than one hundred published works.

2. Preliminaries

We mainly follow [Br], [P6].
A multi/unction (or map) F : X -+2Y is a function from a set X

into the power set 2Y of Y; that is, a function with the values Fx C Y
.forx EX and.thefibers F-::.y.== {X.E X: y.E.Fx}for yE Y .. As. usual,
the set {(x?y) : y E: Fxli~calledeith~ thy graph ofF, or, simply, P~
Therefore (x,y) E F'if and only if y E·Fx. .

For A C X, let F(A) ~U{Fx : x E A}. For any BeY, the lower
invers..eand 1/;pper inverse orB·underFare'deflned by

P-(B) = {x EX: Fx n B f= 0} and F+(B) = {x EX: Fx CB},

resp. The (lower) inverse of F : X -+ 2Y is themultifunction F- : Y -+
2x defined by x E F- y if and only if yE Fx. Given two multifunctions
F : X -+ 2Y and G : Y -+ 2z , the composite GF: X -+ 2z is defined
by (GF)x = G(Fx) for x E X.

For topological spaces X and Y, a multifunction F : X -+ 2Y is said
to be upper semicontinuQus (u.s.c.) if for each closed set BeY, F-(B)
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is closed in Xj and compact if F(X) is contained in a compact subset
of Y. lnt and - denote the interior and closure, resp. A nonempty
topological space is acyclic if all of its reduced Cech homology groups
over rationals vanish.

A topological vector space is abbreviated as t. v.s.
For a set D, let (D) denote the set of nonempty finite subsets of D.
Let X be a set (in a vector space) and D a nonempty subset of X.

Then (X, D) is called a convex space if convex hulls of any N E (D)
is contained in X and X has a topology that induces the Euclidean
topology on such convex hulls. Such convex hull will be called a poly
tope. A subset A of (X, D) is said to be D-convex if, for any N E (D),
N c A implies co N C A, where co denotes the convex hull. If X = D,
then X = (X, X) becomes a convex space in the sense of Lassonde
[LIl. Note that for a convex space (X, D), X itself is not necessarily
convex. For example, let X be any space containing an n-simplex .6.n

as a subspace and D the set of vertices of .6.n . Then (X, D) is a convex
space, and X may not be convex, but D-convex.

For a convex space (X, D), a multifunction G : D -+ 2x is called
a KKM map if coN C G(N) for each N E (D). The KKM theory is
the study of KKM maps and their applications. For the literature, see
[Aul, [AEl, [Gr2,3l, [P6]' [Zl.

Given a class lL of multifunctions, lL(X, Y) denotes the set of multi
functions T: X --. 2Y belonging to lL, and lLe the set of finite compo
sites of multifunctions in lL.

Let (X, D) be a convex space and Y a topological space. Define
T E !fleX, Y) <===> T-y is D-convex for each y E Y and {lnt Tx

x E D} covers Y.
T E M(X, Y) <===> T-IJ( has a continuous selection s : J( --. X for

every nonempty compact subset J( of Y such that s(l() C P for some
polytope P of (X, D).

For a topological space X, define
T E ][{(X, Y) <===> T is a Kakutani map; that is, Y is a convex space

and T is u.s.c. with nonempty compact convex values.
T E VeX, Y) <===> T is an acyclic map; that is, T is u.s.c. with

compact acyclic values.
We now introduce an abstract class Q{ of multifunctions motivated

by Ben-EI-Mechaiekh and Deguire [BD2,3l:
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A class 21 of multifunctions is one satisfying the following:

(i) 21 contains the class C of (single-valued) continuous functions;
(ii) each F E 21c is u.s.c. and compact-valued; and

(iii) for any polytope P, each F E 21c(P, P) has a fixed point.

Note that C, K,. and.Y ..are. examples of .21. by.a Lefschetz type fixed
point theorem for comp6sltes of acyclic maps due to G6rniewicz and
Granas [GGl,2]. See also [Sill, [PS]. Moreover, the class of approach
able maps in topological vector spaces is an example of 21 [BD3]. For
other examples of related classes, see [BDI-3], [L4].

Further, we define the following:
T E 21~(X, Y) {:=:::} for any q -compact subset K of X, there is a

rE 21c(K, Y) such that rx c Tx for each x E K.
T E 21~(X, Y) {:=:::} for any compact subset K of X, there is a

r E 2!c(K, Y) as above.
Note that 2t c 2tcc 2t~c 2t~. The class 'OC~ is due toLassonde fL4]

and V~ to Park, Singh, and Watson [PSW]. Note that lK~ includes the
classes ~- = {F- : F E ~}, M-, and Tin [L4].

3. Coincidences of compact composites of maps

We begin with the following coincidence theorem:

THEOREM 1.. Let (X, D) be a convex ~pace, Y a t~pologica1 space,
F E 2(~(X, Y), and G E Mc(X, Y). If F is compact, then F and G
have a coincidence point; that is, there exists an Xo E X such that

,,' "I." ',,',' -',,,,:,. ", ," I .', ,: '1"''', I,;','" '" I

Fxo n Gxo i:- 0.

Proof. Since F is compact, there exists a compact set K such that
F(X) eKe Y. Since G E Mc(X, Y) = M(X, Y), G-IK has a
continuous selections: K" "4 "p;"C X,whereP··is··apolytope of (X, D).
Then (sF)lp E 2(~(P, P) has a fixed point Xo E P c X. Since Xo E
(sF)xo, Fxo n Gxo J Fxo n s-(xo) i:- 0. This completes our proof.

REMARK. In fact, F E 2(~(X,Y) can be replaced by any F: X ---+

2Y such that F E 2!~(P,Y) for any polytope P in (X, D). Some
equivalent or particular forms of Theorem 1 for V replacing 2!~ were
adopted by Ben-EI-Mechaiekh et al. [BDG2,3], Ha [Hal], Granas and
Liu [GL2], Komiya [Ko], Ben-EI-Mechaiekh [Bnl], and Park [P6] as
the starting point of some of their own studies.
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We obtain the following extended version of a coincidence theorem
due to Granas and Liu [GL2].

THEOREM 2. Let (X, D) be a convex space, Y a Hausdorff space,
and F, G : X ~ 2Y multifunctions satisfying

(2.1) F E 2l~(X, Y) is compact;
(2.2) for each 11 E F(X), G-y is D-convex; and
(2.3) {Int Gx : x E D} covers F(X).

Tben F and G bave a coincidence point Xo EX; tbat is, Fxo nGxo ::f 0.

Proof. Since F(X) is compact and included in U{Int Gx : x E
D}, there exists an N = {Xt,X2,oo"Xn} E (D) such that F(X) C
U{Int Gx : x EN}. Let Pi}f=l be the partition of unity subordinated
to this cover, and P = coN C X. Define f : F(X) ~ P by

n

fy = 2: Ai(Y)Xi = 2: Ai(Y)Xi
i=l iEN,1

for 11 E F(X) c Y, where

Then Xi E G-y for each i E Nil' Clearly f is continuous and, by
(2.2), we have fy E CO{Xi : i E Nil} c G-y for each 11 E F(X).
Since P C X and Flp E 2l~(P, F(X», f(Flp) : P ~ 2P has a fixed
point Xo E P eX. Since Xo E (fF)xo and f- Xo C Gxo, we have
Fxo n Gxo '# 0. This completes our proof.

REMARKS. 1. As in Theorem 1, (2.1) can be replaced by
(2.1)' F E 2l~(P, Y) for any polytope P in (X,D)

without affecting the conclusion of Theorem 2.
2. IT we assume
(2.2)' for each y E F(X), G-y is D-convex

instead of (2.2), then Theorem 2 follows from Theorem 1. In this case,
the proof works for that of WC M.
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PARTICULAR FORMS. The origin of Theorem 2 goes back to Brow
der [Bwl-3] for X = D = Y and F = 1x. For X = D and V instead
of 2l~, Theorem 2 reduces to the main result of Granas and Liu [GL2].
For X = D and ][(~ instead of 2l~, Theorem 2 reduces to Lassonde
[L4, Theoreme 4]. Moreover, [PSW, Theorem 1] is a particular case
of Theorem 2 for X = D and V~..For ot.her cases, see the particular
forms of Theorem 5.

From Theorem 2, we have the following:

THEOREM 3. Let X and C be nonempty convex subsets of a lo
cally convex Hausdorff t.v.s. E, and F E 2lc (X, X + C) a compact
multifunction. Suppose that one of the following conditions holds:

(i) X is closed and C is compact.
(ii) X is compact and C is dosed.

(iii) C = {O}.
Then there is an x E X such that Fx n (x + C) =J 0.

Proof. Let V be an open convex neighborhood of the origin 0 in
E, and Y a compact set such that F(X) eYe X + C. Define
G : X -+ 2Y by Gx = (x + C + V) n Y for x E X. Then each Gx
is open in Y and G-y = (y - C - V) n X is convex for each y E Y.
Moreover, since Y c X + C, for every y E Y, there exists an x E X
such that y E x +C +V; that is, {Gx : x E X} covers Y. Therefore, by
Theorem 2, there exist xv E X and yV E Y such that yV E FxvnGxv;
that is, yv - xv E C + V. In other words, we obtain the assertion:

(*) for each neighborhood V of 0 in E, .

(F - i)(X) n (C +V) =J 0,

where i : X -+ E is the inclusion. Now we consider Cases (i)-(iii).
Case (i). Since X is closed so is (F - i)(X). Since C is compact

and E is regular, (*) implies 'F - i)(X) n C =J 0; that is, there exists
an x E X such that Fx n (x + C) =J 0.

Case (ii). Since (F - i)(X) is compact and C is closed, the same
conclusion follows as in Case (i).

Case (iii). Since F is u.s.c., for each neighborhood V of 0 in E,
there exist Xv, yV E X such that yv E Fxv and Yv - Xv E V. Since
F(X) is relatively compact, we may assume that yv converges to some
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x. Then x v also converges to x. Since the graph of F is closed in
X x F(X), we have x E Fx.

This completes our proof.

PARTICULAR FORMS. For V instead of 2lc , Theorem 3 is due to
Park [P6, Theorem 7j, which extends Lassonde [Ll, Theorem 1.6 and
Corollary 1.18] for K. For Vc instead of 2lc, Theorem 3 includes Park,
Singh, and Watson [PSW, Theorem 2].

THEOREM 4. Let X be a nonempty convex subset of a locally con
vex Hausdorff t. V.s. E, and F E 21~(X, X). If F is compact, then F
has a fixed point.

Proof. Let M = coF(X). Then 111 C X since F(X) C X and X
is convex. Also M is a-compact [L4, Proposition 1(3)]. Since F E
2l~(X, 111), there exists a f E 21c(1I1, AI) such that fx C Fx for all
x E M. Since f is compact and 111 is a nonempty convex subset of E,
by Theorem 3(iii), f has a fixed point XQ E AI; that is, XQ E fXQ C FXQ.

This completes our proof.

PARTICULAR FORMS. 1. Theorem 4 includes Ben-EI-Mechaiekh
and Deguire [BD2, Corollaries 3.4 and 3.6], Ben-El-Mechaiekh [BI13,
Theorem 2.4], Lassonde [L2, Theorem 4j, [L4, Theoreme 5j, Ben-EI
Mechaiekh et al. [BDG2], Simons [Sil], Powers [Pw, Theorem 7.1],
and Himmelberg [Hi].

2. Himmelberg's theorem; that is, Theorem 4 for K, generalizes ear
lier works of Schauder IS], Mazur [M], Bohnenblust and Karlin [BK],
Hukuhara [Huj, and Singbal [SI1]. Further if X itself is compact, then
X is an le space, and Theorem 4 for V follows from Begle [Be]. For
this case, it generalizes well-known results of Brouwer [B], Schauder
IS], Tychonoff [Ty], Kakutani [Kk], Fan [F!], and Glicksberg [G]. For
the literature, see Dugundji and Granas [DG2] or Park [P6].

REMARKS. 1. If F E 2lc(X, V), then F E 2l~(X, V). Therefore,
Theorem 3(iii) and Theorem 4 are equivalent.

2. If E is real and F is a convex-valued compact multifunction, then
the upper semicontinuity, upper demicontinuity, and upper hemicon
tinuity of F are all the same. See Shih and Tan [ST5j. Therefore, in
this case, Theorem 4 for K can be applied to an upper hemicontinuous
multifunction F.
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4. The KKM theorems related to non-compact composites
of maps

In this section, ·we show that Theorem 2 is equivalent to far-reaching
generalizations of the Fan-Browder fixed" point theorem, the Ky Fan
matchingthoorem for open covers, theKnaster-Kuratowski-Ma:z1.ltki~
wicz theorem, and a whole intersection theorem. Those are a part of
the very useful fundamental theorems in the KKM theory.

We begin with the following non-compact version of Theorem 2,
which generalizes the main result of our previous work [P6J.

THEOREM 5. Let (X, D) be a convex space, Y a Hausdorff space,
S: D -+ 2Y , T: X -+ 2Y multifunctions, and F E 21~(X,V). Suppose
that

(5.1) for each a: E D, Sa: e Ta: and Sx is compactly open;
(5.2) for each y E F(X), T-y is V-convex;
(5.3) there exists a nonempty compact subset J( of Y such that

F(X) n Kc SeD); and
(5.4) for each NE (D), there exists a compact D-convex subset LN

of X containing N such that F(LN )\K c S(LN n D).

Then F and T have a coincidence point.

Proof; Since F(X)nK is compact, by (5.3), there exists an N E (D)
such that F(X) n J( c S(N). Let LN be the set in (5.4). Since LN
is compact and F E 21~(X, V), there exists arE 21c(LN, Y) such that
rxe Fxfoi each x"E:: Liv: .

We claim that r(LN) e S(LN n D). Note that

r(LN) n J( c F(X) n J( c S(N) C S(LN n D).
". "\""1 ,-" 'e·' '1",""'-:" • "_,; __ w_,, t ""'1""-_ ""' I' •. ', ,,"

On the other hand, r(LN)\I< e F(LN)\I< e S(LN n D) by (5.4).
Hence, we have r(LN) e S(LN n D).

Note that r(LN) is compact since it is the image of the compact set
LN under the composite r of compact-valued U.S.c. multifunctions.

Now we use Theorem 2 with (rILN,TILN,LN,LN n D) replacing
(F,G,X,D). Note that TILN has D-convex fibers T-y n LN for each
yE r(LN) by (5.2), and S(LNnD) covers r(LN); that is, {Int Tx : x E
L N n D} covers reLN) = re LN ). Hence, all of the requirements are
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satisfied, and thus, rlLN and TILN have a coincidence point Xo E LN.
This completes our proof.

REMARKS. 1. Theorem 5 is actually equivalent to Theorem 2. In
fact, we derived Theorem 5 from Theorem 2. Note that the converse is
clear: By putting Y = J( and T = G, Theorem 5 reduces to Theorem
2.

2. The coercivity condition (5.4) is motivated by Chang [Cl.
3. Note that, if F is single-valued, the Hausdorffness assumption on

Y is not necessary. See the argument in [P6].

PARTICULAR FORMS. 1. The origin of Theorem 5 is the same as
Theorem 2: Browder [Bwl-3] for X = D = Y = J( and F = Ix. Note
that numerous applications of the Fan-Browder fixed point theorem
have appeared in various fields as fixed point theory, minimax theory,
variational inequalities, and so on. See [P2].

2. For V instead of 2t~, Theorem 5 reduces to Park [P6, Theorem
1], which includes earlier works of Browder [Bwl-3], Tarafdar [Trl
4]' Tarafdar and Husain [TH], Ben-EI-Mechaiekh et al. [BDGt,2],
Yannelis and Prabhakar [YP], Lassonde [Lt,2], Ko and Tan [KT],
Simons [Sit,2], Takahashi [Tk2), Komiya [Ko], Mehta [Me], Mehta
and Tarafdar [MT], Sessa [Ss], Jiang [Jt-3], McLinden [Mc], Granas
and Liu [GLl,2], Park [Pl,2,4], and Chang [C].

Among the numerous applications of Theorem 5, we give only an
abstract variational inequality:

COROLLARY 1. Let (X, D) be a Hausdorff convex space, P : X X

X --+ (-00,00], q : D x X --+ (-00,00], h : X -+ [-00, 00] with h =t 00,

F E 2t~(X, X), and J( a nonempty compact subset of X. Suppose that

(1) q(x, y) ~ p(x, y) for (x, y) E D x X, and
p(x, y) + h(y) ~ h(:r) for :/.: E X and y E Fx;

(2) for each x E D, {y EX: q(x, y) + h(y) > h(x)} is compa.ctly
open;

(3) for each y E F(X), {x EX: p(x, y) + h(y) > h(x)} is D
convex; and

(4) for each NE (D), there exists a compact D-convex subset LN
of X containing N SUell that

F(LN )\I{ c U {y EX: q(x, y) + h(y) > h(x)}.
xELNnD
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Then there exists a solution yo E F(X)nK of the variational inequality:

q(x, Yo) + h(Yo) ~ h(x ) for all x E D.

Moreover, the set of all sol~tions yo is a compact subset of F(X) n K.

PToof~ Define multifunctions S =D -7 2x andT= X -7 2x by

Sx = {y EX; q(x, y) + hey) > hex)} for x E D;

and
Tx = {y EX; p(x,y) + hey) > hex)} for x E X.

Suppose that there exists a Yo E F(X)nK such that yo et. SeD). Then
the conclusion follows. Therefore we may assume that F(X) n K c
SCD). Then all of the requirements of Theorem 5 are satisfied. Hence,
there exists an Xo E X such that Fxo n Txo =I 0. Let Yo E Fxo nTxo.
Then Yo E Fxo and

p(xo, Yo) + h(yo) > h(xo),

which contradicts (1). Moreover, the set of all solutions Yo is the in
tersection

n{y E F(X) n K: q(x,y) + hey) ~ hex)}
zED

of compactly closed subsets of the compact set F(X) n K. This com
pletes our proof.

REMARK. If X = K itself is compact, then Yo E Fxo for some
Xo EX. Even for F = 1x, Corollary 1 is a basis of existence theorems
()fm~y.. ~esWt~ c()gc~ng~atj()nal ip.~ql1aJitiefl~. For th~ lit~rat'ure,
see [Gr3], [P6], [Gw]. ..

PARTICULAR FORMS. For F = lx, there have appeared a lot of
particular forms of Coroll;;uy 1. See Brezis, Nirenberg, and Stampac
chia [BNS], Juberg and Karamardian [JK], Mosco [Mo], AlIen [AI],
Takahashi [Tkl], Gwinner [Gw], Lassonde [Ll], Park [P6], and Ben
EI-Mechaiekh [Bn2].

From Theorem 5, we obtain the following Ky Fan type matching
theorem for open covers;
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THEOREM 6. Let (X, D) be a convex space, Y a Hausdorff space,
S: D -+ 2Y , and F E 2t~(X, Y). Suppose that

(6.1) for eadl x E D, Sx is compa.ctly open;
(6.2) there exists a nonempty compact subset I< of Y such that

F(X) n I< c S(D); and
(6.3) for each N E (D), there exists a compact D-convex subset LN

of X containing N such tha.t F(LN)\I< c S(LN n D).

Then there exists an M E (D) such that F(coM)nn{Sx : x E M} i: 0.

Proof. For each y E Y, put T- y = co S- y which is the minimal D
convex set containing S-y. This defines a multifunction T : X -+ 2Y

•

Then all of the requirements of Theorem 5 are satisfied. In fact, for
each x E D, x E S- y for some y E Y implies x E T- Yi that is,
Sx c Tx. This and (6.1) imply (5.1). Moreover, T-y, which may
be empty, is D-convex for each y E F(X). This shows (5.2). Since
(6.2) and (6.3) are same as (5.3) and (5.4), resp., by Theorem 5, T
and F have a coincidence point XQ EX; that is, TXQ n FXQ :f:. 0.
For y E TXQ n FXQ, we have XQ E T-y = co S-y, and hence, there
exists a finite set ],,1 = {Xl, X2, ... , x n } in S-y C D such that XQ E
co {Xl,X2, ... , x n }. Since Xi E S-y implies yE SXi for all i, 1 ~ i ~ n,
we have y E FXQ n n?=l SXi. This completes our proof.

PARTICULAR FORMS. 1. The origin of Theorem 6 goes back to Fan
[F7,9] for X = Y and F = Ix.

2. For V instead of 2t~, Theorem 6 reduces to Park [P6, Theorem
2], which includes earlier results in [Pl,4].

Theorem 6 can be stated in its contrapositive form and in terms of
the complement Gx of Sx in Y. Then we obtain the following KKM
theorem:

THEOREM 7. Let (X, D) be a convex space, Y a Hausdorff space,
and F E 2t~(X, Y). Let G: D -+ 21" be a multifunction such that

(7.1) for each x E D, Gx is compactly closed in Y;
(7.2) for any N E (D), F( coN) c G(N); and
(7.3) there exist a nonempty compact subset I< of Y and, for each

N E (D), a compa.ct D-convex subset LN of X containing N
such that F(LN) n n{Gx : x E LN n D} c I<.
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Then F(X) n K n n{Gx : x E D} =1= 0.

Proof. Suppose the conclusion does not hold. Then F(X) n K c
SeD) where Sx = Y\Gx for x E D. Note that (7.1) and (7.3) imply
(6.1) and (6.3), resp. Therefore, by Theorem 6, there exists an M E
(D) such that F(co M) n n{Sx : x E· M} =1= 0; that is, F(co M) rt
G(M). This contradicts (7.2).

REMARK. Condition (7.2) is equivalent to coN C F+G(N); that
is, the multifunction F+G is a KKM-map. A KKM type theorem for
this case different from Theorem 7 can be found in [P6, Theorem 4J.

PARTICULAR FORMS. 1. The origin of Theorem 7 goes back to
Sperner [8] and Knaster, Kuratowski, and Mazurkiewicz [KKM] for
X = Y = K = Lln an n-simplex, D its set of vertices, and F = Ix.

2. As we noted in [P6J, a particular form fP6, Theorem 3] of The
orem 7 for V instead of m~ includes earlier works of Fan [F2,7,9],
Lassonde [Ll], Chang [Cl, and Park [Pl,4J. Moreover, in [P9], we
showed that [P6, Theorem 3] extends a number of KKM type theo
rems recently due to Sehgal, Singh, and Whitfield [SSWJ, Lassonde
[La3], Shioji [So], Liu [Lu], Chang and Zhang [CZ], and Guillerme
[Gu].

From Theorem 7, we deduce two KKM type results of fundamental
importance.

Recall that a family of sets is said to have the finite intersection
property if the intersection of each finite subfanuly is not empty.

COROLLARY 2. Let (X, D) be a convex space, Y a Hausdorff space,
F E 21~(X, Y), and H : D ..,.--7. 2! sllch.that, for any .N. E (D),
F(coN) C H(N). Then tlle family {Hx : x E D} has the finite
intersection property

Proof. Let M E (X) and L = coM. Let f E mc(L, Y) such that
fx C Fx for all x E L, K = f(L), and Gx = Hx for x E M. We use
Theorem 7 with f replacing F. Conditions (7.1) and (7.2) hold clearly.
Moreover, since f(LN) = f(L) c K for any N E (M), (7.3) is satisfied
automatically. Therefore, by Theorem 7, we have n{H x : x E M} =1= 0.
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PARTICULAR FORMS. 1. The origin of Corollary 2 is due to Fan
[F2] for a t.v.s. E = X = Y a.nd F = lE and to Dugundji and Granas
[DGI].

2. For Kc instead of 2(~, X = D, and a convex space Y, Corollary
2 reduces to Lassonde [L2, Theorem 2].

From Theorem 7, we can obtain the finite intersection property for
an open-valued KKM map. We need the following due to Shih [Sh,
Theorem 1]:

LEMMA. Let X be a Hausdorff convex space and M E (X). If
G : M --+ 2x is a KKM map with open values, then there is a KKM
map H : M --+ 2x with closed values such that H x c Gx for x EM.

COROLLARY 3. Let (X, D) be a convex space, Y a Ha.usdorff space,
F : X --+ 2Y a compact-va.lued u.s.c. multifunction, and G : D --+ 2Y

such that

(1) for each x E D, Gx is compa.ctly open; and
(2) for any N E (D), coN C F+G(N).

Then {Gx : x E D} has the finite intersection property.

Proof· Let M E (D), Xl = coM, H = Flx\, G I = GIM, and
YI = FI(Xd. Then YI is compact and we have

(1) for each x E 111, (F;GI)x is relatively open in Xl; and
(2) for each N E (At), coN c F;G(N).

Therefore, F;G I : 111 --+ 2x\ is a KKM map with open values. Then,
by Lemma, there exists a KKM ma.p H : 111 --+ 2x \ with closed values
such that Hx c (FI+GI)x for each x E M. So by Corollary 2 with
F = lXI' n(FI+Gdx::) n Hx'; 0;

rEM rEM

that is, n{Gx : x E M} = n{Glx : x E M} # 0. This completes our
proof.

PARTICULAR FORMS. 1. The origin of Corollary 3 is due to Kim
[Kil] for X = Y and F = Ix.

2. Other forms of Corollary 3 can be seen in IGm [Ki2], Park [P3,9],
and Lassonde [L3].

From Theorem 7, we have another whole intersection property as
follows:
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THEOREM 8. Let (X, D) be a convex space, Y a Hausdorff space,
and F E ~~(X, Y). Let G : D -+ 2Y be a multifunction satisfying
(7.1) and (7.3). Suppose that there exists a multifunction H : X -+ 2Y

satisfying

(8.1) for each x E D, H x c Gx;
(8.2) for each x EX, Fi; c Hx; and
(8.3) for each y E F(X), X\H-y is D-convex; that is, H has D

convex cofibers on F(X).

Then F(X) nI< nn{Gx: x E D} # 0.
Proof. It suffices to show that (8.1)-(8.3) imply (7.2). Suppose that

there exists an N E (D) such that F(coN) et G(N); that is, there
exist an x E coN and yE Fx sl,1ch that Y rf. Gz for all zEN. In other
words, by (8.1), y rf. Hz for all ZEN, and hence z E X\H-y. By
(8.3), coN C X\H-y. Since x E coN, we have x rf. H-y or y rf. Hx.
Since y E Fx, this contraCIicts (8:2). This completes our proof.

Here, in order to show that Theorems 5-8 are equivalent, the follow
ing suffices:

Proof of Theorem 5 using Theorem 8. Suppose that Fx n Tx = 0
for all x EX. Let Gx = Y\Sx for x E D and Hx = Y\Tx for x EX.
Then all of the requirements. of Theorem 8 are satisfied. Therefore,
there exists ayo E F(X)nKnn{Gx: XE,D}; that is, yo E F(X)nI<
such that Yo rf. Sx for all x E D; This contradicts (5.3). This completes
our proof.

REMARK. Thefirstpaitlculaxform of Theorem 8 is tluet() TaraIdar
[Tr2} for X = D= Yand F == Ix. Horvath [Ho} also obtained a
form of Theorem 8 for aspa~emoregeneral than convex spaces. Other
particularforms ctredtle to Guillerme [Gu], who applied them tqoJ:>taiIl.s()me'miniIDa:X 'illeqU:alities. .. .. . . '.. . . .

5. Minimax inequalities and geometric properties

There are many equivalent and useful formulations of Theorems 5
8 in the KKM theory. In this section, we give analytic alternatives,
minimax inequalities, and geometric properties of convex sets.

We begin, in this section, with the following useful reformulation of
Theorem 5:
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THEOREM 9. Let (X,D) be a convex space, Y a Hausdorff space,
F E 2l~(X, Y), A, B C Z sets, f, 9 : X x Y - Z functions, and K a
nonempty compact subset of Y. Suppose that

(9.1) for each x E D, {y E Y : g(x,y) E A} is compactly open and
contained in {y E Y : f(x, y) E B};

(9.2) for each y E F(X), {x EX: f(x, y) E B} is D-convex; and
(9.3) for each NE (D), there exists a compact D-convex subset LN

of X containing N such that for each y E F(LN)\K, there
exists an x E LN n D satisfying g(x,y) E A.

Then either
(i) there exists a ii E F(X) n K such that g(x, ii) ~ A for all

x E D; or
(ii) there exists an (x, ii) E F such that f(x, ii) E B.

Proof of Theorem 9 wing Theorem 5. Consider the multifunctions
S: D -+ 2Y and T: X -+ 2Y given by

Sx={yEY:g(x,y)EA} for xED

and
Tx = {y E Y : f(x, y) E B} for x EX.

Then (9.1), (9.2), and (9.3) imply (5.1), (5.2), and (5.4), resp. Suppose
(i) does not hold. Then, for each y E F(X) n K there exists an x E D
such that g(x,y) E A; that is, F(X)nK c SeD). Hence (5.3) holds.
Therefore, by Theorem 5, F and T have a coincidence point; that is,
(ii) holds.

REMARK. In our previous work [P8], a particular form of Theorem
9 has been given to derive Theorem 3(iii) for V. In fact, Theorem 3(iii)
follows from Theorem 9 with X = D as follows:

Proof of Theorem 3(iii) wing Theorem 9. Suppose that F is U.S.c.
Let Y be a compact set such that F(X) eYe X, and V an open
convex neighborhood of the origin of E. We apply Theorem 9 with
X = D, Y = K, A = B = V, Z = E, and f =9 : X X Y -+ E defined
by f(x, y) = y - x for (x, y) E X x Y. Then all of the requirements
are satisfied. However, Condition (i) does not hold. Now, Condition
(ii) implies the assertion (*) in the proof of Theorem 3. This suffices
for the existence of fixed point of F as in the proof of Theorem 3(iii).
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PARTICULAR FORMS. 1. The first form of Theorem 9 is due to
Lassonde [Ll, Theorem 1.1']. Note that if F is single-valued, then Y is
not necessarily Hausdorff. Lassonde used his result to generalize earlier
works of Iohvidov [1], Fan [F4), and Browder [Bw2). Applications of
this kind of results to the Tychonoff fixed point theorem and the study
of invariant subspaces of certain linear operators are gi.ven in (1), [F4).

2. For X = D and V instead of 2{~, Theorem 9 reduces to [P6,
Theorem 5].

From Theorem 9, we have the following analytic alternative, which
is a basis of various minimax inequalities.

THEOREM 10. Let (X, D) be a convex space, Y a Hausdorff space,
F E 2{~(X, Y), a 2: 13, ! : X x Y -- JR, 9 : D x Y __ JR extended real
valued functions, and /{ a nonempty compact subset of Y. Suppose
that

(10.1) g(x,y) ~ !(x,y) for all (x,y) E D x Yj
(10.2) for each x E D, {y E Y: g(x,y) > a} is compactly openj
(10.3) for each y E F(X), {x EX: !(x,y) > 13} is D-convex j and
(10.4) for each NE (D), there exists a compact D-convex subset LN

of X containing N such that, for each y E F(LN )\/{, there
exists an x E LN n D satisfying g(x, y) > a.

Then either

(i) there exists ayE F(X) n /{ such that g(x, y) < a for all
x E Dj. or

(ii) there exists an (x,y) E F such that !(x,y) > 13.

Proof. Put Z = JR, A = (0',00], and B = (13,00) in Theorem 9.

PARTICULAR FORMS. 1. The first form of Theorem 10 is due to
Ben-EI-Mechaiekh et al. [BDGl,2] for X = D = Y = /{ and F = Ix.
The authors used their result to variational inequalities of Hartman
Stampacchia and Browder, a generalization of the Ky Fan minimax
inequality, and others.

2. See also Fan [F6], Brezis, Nirenberg, and Stampacchia [BNS),
Allen [AI), Granas [Grl,2], Tan [T], Lin [Ln], Ko and Tan [KT),
Deguire and Granas [DG], Takahashi [Tk2], Shih and Tan [ST6], Ding
and Tan [DT), Ben-EI-Mechaiekh [Bn2], Deguire [D], and Park [P6].
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otherwise

if yE Gx

From Theorem 10, we clearly have the following generalization of
the Ky Fan minimax inequality:

THEOREM 11. Under the hypothesis of Theorem 10, if Cl! = (3 =
sup{f(x, y) : (x, y) E F}, then

(a) there exists a fj E F(X) n l{ such that

g(x, fj) ~ sup f(x, y) for all x E Dj
(z,y)EF

and (b) we have the minima.x inequality:

miI!supg(x,y)~ sup f(x,y).
yEl\ zED (z,y)EF

In order to show that Theorem 11 is equivalent to any of Theorems
1-10, we give the following:

Proof of Theorem 8 using Theorem 11. Define functions 9 : D x Y -+

lR and f : X x Y -+ lR by

g(x,y) = { ~

for (x, y) E D x Y and

{
0 if yE Hx

f(x,y) = 1
otherwise

for (x, y) E X x Y. Put Cl! = (3 = O. Then (7.1) and (7.3) imply (10.2)
and (lOA), resp. Moreover, (8.1) implies (10.1) clearly. Further, (8.2)
and (8.3) imply (10.3). In fact, for each y E F(X), we have y E H(X)
by (8.2) and hence yE Hx for some x EX. Then X\H-y = {x EX:
f(x,y) = I} = {x EX: f(x,y) > O} is D-convex by (8.3). Therefore,
by Theorem 11, there exists a fj E F(X) n J( such that

g(x, fj) ~ sup lex, y) for all x E D.
(z,y)EF

However, sup{f(x,y): (x,y) E F} ~ sup{f(x,y): (x,y) E H} = 0 by
(8.2) and the definition of f. Hence g(x, fj) = 0 for all x E Dj that is,
fj E Gx for all x E D. Therefore,

F(X) n l{ n n{Gx : x E D} =1= 0.

This completes our proof.
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REMARK. Conclusion (b) can be written as follows:

minsupg(x,y)S inf sup f(x,y).
yEK zED FE9~(X,Y)(z,Y)EF

PARTICULAR FORMS. L Theorem 11 originates from the KyFan
minimax inequality [F6] for X = D = Y = K, f = g, and F = Ix.
Fan applied his inequality to fixed point theorems, sets with convex
sections, and potential theory. Later, the inequality became an impor
tant tool in nonlinear functional analysis, game theory, and economic
theory.

2. In [P6, Theorem 9], we obtained Theorem 11 for X = D and V
instead of 2l~. This includes earlier works of Fan [F6,9], Brezis, Niren
berg, and Stampacchia [BNS], Takahashi [Tkl,2], Yen [Y], Aubin
[Au], Ben-El-Mechaiekh et al. [BDGl-3], Tan [T], Shih and Tan
[STl,2], Aubin and Ekeland [AE], Lassonde [Ll]' Granas and Liu
[GLl,2], Lin [Ln], Ha [Hal,2], and Park [P2].

The KKM theorem and the whole intersection theorem can be re
formulated to minimax inequalities.

The following minimax inequality is equivalent to Theorem 7.

THEOREM 12. Let (X, D) be a convex space, Y a. Hausdorff space,
F E 2l~(X, Y), and J( a nonempty compact subset of Y. Let (jJ :
D x Y -+ R. be an extended real-valued function and 7 E R. such that

(12.1) for each x ED, .. {y E·¥: <!>(x,y) S ry;} is compactly cl@sed;
(12.2) for each N E (D) and y E F(coN), min{(jJ(x,y): x EN}.S 7;

and .' .

(12.3) for each NE (D), there exists a compact D-convex subset LN
of )f cont,t:liningN Bllchthat; Jar eadlY E F(LN)\!f, there
exists an x E L N n D satisfying (jJ( x, y) > 7.

Then (a) there exists a. f) E F(X) n K such that

(jJ(x, fj) S 7 for all x E D;

and (b) if 7 = sup{ (jJ( x, y) : (x, y) E F}, then we have the minimax
inequality:

min sup (jJ(x, y) S sup (jJ(x, y).
yE/( zED (z,y)EF
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Proof of Theorem 12 wing Theorem 7. Let Gx = {y E Y : f/J( x, y) ~
,} for x E D. Then (12.1) and (12.3) imply (7.1) and (7.3) clearly. We
show that (12.2) implies (7.2). Suppose that there exists an N E (D)
such that F(coN) rt G(N). Choose ayE F(coN) such that y rt.
G(N), whence et>(x, y) > , for all x E N. Then minxEN f/J(x, y) > "
which contradicts (12.2). Therefore, by Theorem 7, there exists ayE
F(X) n K such that y E Gx for all x E Dj that is, f/J(x, y) ~ , for all
x E D. This completes the proof of (a). Note that (b) clearly follows
from (a).

Proof of Theorem 7 using Theorem 12. Define f/J : D x Y -+ R by

f/J(x, y) = { ~
if yE Gx

otherwise

for (x,y) E D x Y. Put, = 0 in Theorem 12. Then (7.1) clearly
implies (12.1). We show that (7.2) implies (12.2). In fact, suppose
that there exist an N E (D) and y E F(coN) such that min{f/J(x,y):
x E N} > O. Then y rf. Gx for all x E N; that is, F(coN) et G(N),
which contradicts (7.2). Moreover, we show that (7.3) implies (12.3).
In fact, for yE F(LN)\K, we have y rf. Gz for some z E LN n D; that
is, f/J(z, y) > O. Therefore, all of the requirements of Theorem 12 are
satisfied. Hence, there exists a fJ E F(X) n J( such that f/J( x, y) = 0 for
all x E D; that is, fJ E n{ Gx : :1" E D}. This completes our proof.

REMARK. In the proof of the equivalency of Theorems 7 and 12 we
used the fact that (12.2) is equivalent to

(12.2)' the map x f-+ Gx = {y E Y : et>(x, y) :::; I'} satisfies Condition
(7.2).

For similar arguments, see Ding, IGm, and Tan [DKT] and Chang and
Zhang [eZ].

PARTICULAR FORMS. The first particular forms of Theorem 12 are
due to Zhou and Chen [ZC, Theorem 2.11 and Corollary 2.13] for
X = D = Y = J( and F = Ix. Those results are applied to obtain
a variation of the Ky Fan inequality, a saddle point theorem, and a
quasi-variational inequality.

In 1961, Fan [F2] gave a "geometric" lemma which is the geometric
equivalence of his version of the KKM theorem. In many of his works
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in the KKM theory, Fan actually based his arguments mainly on the
geometric property of a convex space. We now deduce two geometric
forms of Theorem 7. The first one is as follows:

THEOREM 13. Let (X, D) be a convex space, Y a Hausdorff space,
F E2l~(X,Y), and A cBe e c X x Y. Suppose that

(13.1) for each x E D, {y E Y: (x,y) E C} is compactly closed in Y;
(13.2) for each y E F(X), {x EX: (x, y) <t B} is D-convex;
(13.3) A is the graph of F; and
(13.4) there exist a nonempty compact subset K of Y and, for each

N E (D}, a compact D-convex subset LN of X containing N
such that F(LN) n nXELNnD{y E Y: (x,y) E C} c K.

Then there exists a Yo E F(X) n J( such that D x {Yo} cC.

Proof of Theorem 13 using Theorem 7. For each x E D, let

Gx = {y E Y: (x,y) E Cl,

which is compactly closed by (13.1). Moreover, for each N E (D}, we
have

F(coN) C G(N).

In fact, let y E F(2::=1 AiXi) with 0 ~ Ai ~ 1, 2:7=1 Ai = 1, and N =
{Xl. X2,···, x n } E (D}. H y <t G(N), then (Xi, y) rt C for each i. Since
B CC, we have (Xi, y) rt B for each i. By (13.2), {x EX :(x, y) <t B}
is D-convex, and hence (2:~1 X~xi,y) {B. Since A C B, we have
(2:~i Aixi,y) <t A; that is, y <t F(2:~1 AiXi) by (13.3), which is a
contradiction. Since (13.4) clearly implies (7.3), G satisfies all of the
req!4!"~!p~!1tsqf Th~!:err;t7,1:g~I~ore,W:~ .have

F(X)n K n n{Gx: x E D} =1= 0.

Hence, there exists a Yo E F(X) n K such that Yo E n{Gx : x E D};
that is, D x {Yo} cC.

PARTICULAR FORMS. 1. The original form of Theorem 13 due to
Fan [F2J is the case X = D = Y, A = B = C, and F = Ix. Fan's
geometric lemma has many applications, among which are fixed point
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theorems, theorems on minimax, existence of equilibrium points, exten
sions of monotone sets, a fundamental existence theorem in potential
theory, variational inequalities, and many others.

2. For X = D and F E VeX, V), Theorem 13 reduces to Park [P9,
Theorem 12], which extends earlier results of Fan [F2,S,6]' Takahashi
[TkI], Shih and Tan [ST2], Lin [Ln], Park [P2,6], Ha [HI], Shioji
[So], and Sehgal, Singh, and Whitfield [SSW].

The following form of Theorem 13 is also widely used in the KKM
theory:

THEOREM 14. Let (X, D) be a convex space, Y a HausdorfI' space,
[{ a nonempty compact subset of Y, F E 2(~(X, V), and C cBe
A c X x Y. Suppose that

(14.1) for each x E D, {y E Y: (x,y) E C} is compactly open in Y;
(14.2) for each y E F(X), {.r EX; (x, y) E B} is D-convex;
(14.3) for each y E F(X) n K, there exists an x E D such that

(x,y) E C; and
(14.4) for each N E (D), there exists a compa.ct D-convex subset

LN of X containing N such that F(LN) n nxELNnD{Y E Y :
(x,y) rt: C} C K.

Then there exist all Xo E X and a Yo E Fxo SUdl that (xo, Yo) E A.

Proof of Theorem 14 using Theorem 13. Consider Theorem 13 with
(AC,BC,CC) instea.d of (A,B,C). Then (13.1), (13.2), and (13.4) are
satisfied automatically. Since (14.3) is the negation of the conclusion
of Theorem 13, we should have the negation of (13.3). Therefore, the
conclusion follows.

Proof of Theorem 5 using Theorem 14. Let A = B be the graph of T
and C the graph of S. Then (5.1)-(5.4) imply (14.1)-(14.4). Therefore,
by Theorem 14, there exists an (xo, Yo) E F such that (xo, yo) E .4;
that is, F and T have a coincidence point.

Consequently, Theorems 1-14 are all equivalent to ea.ch other.

PARTICULAR FORMS. 1. The origin of Theorem 14 goes back to
Fan [F6] for X = D = Y = !{, A. = B = C, and F = Ix. This is
equivalent to the Fan-Browder fixed point theorem [Bwl-3].
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2. For X = D and F E V(X, Y), Theorem 14 reduces to [P9,
Theorem 13], which extends earlier works of Fan [F7], Shih and Tan
[ST2,4,6], and Park [P2,4].

Finally, there have appeared many types of "generalized" convex
spaces and the KKM type theol'ems for those spaces. Some of the
results in this paper can be modified for those new spaces.
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