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ABSTRACT

From a Lefschetz type fixed point theorem for composites of acyclic maps, we obtain
a general Fan-Browder type coincidence theorem, which can be shown to be equivalent
to a matching theorem and a KKM type theorem. From the main result, we deduce the
Himmelberg type fixed point theorem for acyclic compact multifunctions, acyclic versions
of general geometric properties of convex sets, abstract variational inequality theorems,
new minimax theorems, and non-continuous versions of the Brouwer and Kakutani type
fixed point theorems with very generous boundary conditions.

1. Introduction

For multifunctions S, T : X → 2Y , the coincidence problem is to find sufficient
conditions for the existence of points (x0, y0) ∈ X × Y satisfying y0 ∈ Sx0 ∩ Tx0.
Since the pioneering work of von Neumann [67] in 1935, geometric problems of this
type have attracted broad attention and remarkable progress has been made both
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in generalizing the known results as well as in finding new applications in a variety
of mathematical areas. For the typical literature, see Granas [38], Dugundji and
Granas [23], Aubin [3], Aubin and Ekeland [3], Lassonde [59], Fan [32], Granas
and Liu [37], and Zeidler [103].

One of the main features of this progress is the applications of various equivalent
formulations of the classical Knaster-Kuratowski-Mazurkiewicz theorem (simply,
KKM theorem) in [55]. Since such applications are so broad and rich, this research
area can be adequately called the KKM theory.

In 1961, using his own generalization of the KKM theorem, Ky Fan [25] estab-
lished an elementary but very basic “geometric” lemma for multifunctions. Later,
Browder [15] obtained this result in more convenient form of a fixed point theo-
rem by means of the Brouwer fixed point theorem [13] and the partition of unity
argument. Since then there have appeared numerous generalizations of the Fan-
Browder fixed point theorem and their applications in various fields as coincidence
and fixed point theory, minimax theory, variational inequalities, nonlinear analysis,
convex analysis, game theory, mathematical economics, and many others.

In the present paper, we obtain a new coincidence theorem for a Browder type
multifunction and an acyclic multifunction from a Lefschetz type fixed point the-
orem due to Górniewicz and Granas [35]. Using our new result, we obtain gen-
eralized and refined versions of basic results in KKM theory and the Brouwer or
Kakutani type fixed point theorems.

Among our new results are matching theorems, new KKM theorems, the Him-
melberg type theorem [45] for acyclic compact multifunctions, acyclic versions of
general geometric properties of convex sets, abstract variational inequality theo-
rems, new minimax theorems, and non-continuous versions of the Brouwer and
Kakutani type theorems with very general boundary conditions. Consequently,
main results in nearly one hundred published papers related to KKM theory are
extended, improved, unified, and proved by drastically simplified methods.

2. Preliminaries

We follow mainly Berge [10] and Lassonde [59].
Let X and Y be sets. A multifunction S : X → 2Y is a function from X

into the power set 2Y of Y , that is, Sx ⊂ Y for each x ∈ X. For A ⊂ X, let
S(A) =

⋃{Sx : x ∈ A}. For y ∈ Y , let S−y = {x ∈ X : y ∈ Sx}. For any B ⊂ Y ,
the lower inverse and upper inverse of B under S is defined by

S−(B) = {x ∈ X : Sx ∩B 6= ∅} and S+(B) = {x ∈ X : ∅ 6= Sx ⊂ B},
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resp.
A convex space X is a nonempty convex set (in a vector space) with any topology

that induces the Euclidean topology on the convex hulls of its finite subsets. In
this paper, a convex hull of a nonempty finite subset of X will be called a polytope.

Let co, cl, Bd, and Int denote the convex hull, closure, boundary, and interior,
resp.

A nonempty subset L of a convex space X is called a c-compact set if for each
finite subset N ⊂ X, there is a compact convex subset of X containing L ∪N .

A subset B of a topological space Y is said to be compactly closed [resp. open]
in Y if for every compact set K ⊂ Y the set B ∩K is closed [resp. open] in K.

An extended real-valued function f : X → R on a topological space X is lower
[resp. upper] semicontinuous (l.s.c.) [resp., u.s.c.] if {x ∈ X : fx > r} [resp.
{x ∈ X : fx < r}] is open for each r ∈ R ; if X is a convex set in a vector space,
then f is quasi-concave [resp. quasi-convex] whenever {x ∈ X : fx > r} [resp.
{x ∈ X : fx < r}] is convex for each r ∈ R.

Let D be a subset of a convex set X and F(D) the set of all nonempty finite
subsets of D. A multifunction G : D → 2X is called KKM if co N ⊂ G(N) for
each N ∈ F(D).

For topological spaces X and Y , a multifunction F : X → 2Y is said to be
upper semicontinuous (u.s.c.) if F+(V ) is open for each open set V ⊂ Y ; and
lower semicontinuous (l.s.c.) if F−(V ) is open for each open set V ⊂ Y . F is said
to be compact if F (X) is contained in a compact subset of Y .

Recall that a nonempty topological space is acyclic if all of its reduced Čech
homology groups over rationals vanish. In particular, any contractible space is
acyclic, and thus any convex or star-shaped set is acyclic. For a topological space
Y , ka(Y ) denotes the set of all compact acyclic subsets of Y , and ca(Y ) all closed
acyclic subsets. For a convex space Y , kc(Y ) denotes the set of all nonempty
compact convex subsets of Y , and cc(Y ) all nonempty closed convex subsets. An
u.s.c. multifunction F : X → ka(Y ) is usually called an acyclic map.

A topological vector space will be abbreviated by a t.v.s.
Let E be a real Hausdorff t.v.s. and E∗ the topological dual of E; that is, the

vector space of all continuous linear functionals on E. Let Y be a topological space
and F : Y → 2E . Then

(i) F is upper demicontinuous (u.d.c.) if for each y0 ∈ Y and each open half-
space H in E containing Fy0, there exists an open neighborhood V of y0 in Y

such that F (V ) ⊂ H; and
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(ii) F is upper hemicontinuous (u.h.c.) if for each f ∈ E∗ and each a ∈ R, the
set {y ∈ Y : sup f(Fy) < a} is open in Y ; that is, the function sup fF : Y →
R ∪ {+∞} is u.s.c.

Note that u.s.c. =⇒ u.d.c. =⇒ u.h.c. and that if F is compact-valued, then
u.d.c. ⇐⇒ u.h.c. If F,G : Y → 2E are u.h.c., so is F + G.

For a subset X in a t.v.s. E and for x ∈ E, the inward and outward sets of X

at x, IX(x) and OX(x), resp., are defined as follows :

IX(x) = x +
⋃
r>0

r(X − x) and OX(x) = x +
⋃
r<0

r(X − x).

Their closures are denoted by IX(x) and OX(x), resp.
A multifunction F : X → 2E is said to be weakly inward [resp. outward] if

Fx ∩ IX(x) 6= ∅ [Fx ∩OX(x) 6= ∅] for each x ∈ Bd X\Fx.
For each f ∈ E∗ and nonempty subsets U, V ⊂ E, let us denote

df (U, V ) = inf{|f(u− v)| : u ∈ U, v ∈ V }.

From the Lefschetz type fixed point theorems for composites of acyclic maps
(Górniewicz and Granas [35], Granas and Liu [37]), we have the following :

Lemma 1. Let X be a compact topological space and Y a convex space. If f :
X → Y is a continuous function such that f(X) is contained in a polytope P and
S : Y → ka(X) is an u.s.c. multifunction, then fS has a fixed point y0 ∈ P ; that
is, y0 ∈ (fS)y0.

In [40], Ha obtained a particular form of Lemma 1 for S : Y → cc(X), where
X is a convex space, and some applications.

We also need the following version of Fan’s generalization [25] of the KKM
theorem (See Dugundji and Granas [22] and Lassonde [59]).

Lemma 2. Let D be a nonempty subset of a convex space X and G : D → 2X a
KKM multifunction with compactly closed values. If Gx0 is compact for at least
one x0 ∈ D, then

⋂{Gx : x ∈ D} 6= ∅.

3. Coincidence theorems

We begin with the following general coincidence theorem.
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Theorem 1. Let D be a nonempty subset of a convex space X, Y a Hausdorff
space, S : D → 2Y , T : X → 2Y multifunctions, F : X → ka(Y ) an u.s.c.
multifunction, and K a nonempty compact subset of Y . Suppose that

(1.1) for each x ∈ D, Sx ⊂ Tx and Sx is compactly open ;
(1.2) for each y ∈ F (X), T−y is convex ;
(1.3) cl F (X) ∩K ⊂ S(D) ; and
(1.4) for each N ∈ F(D), there exists an LN ∈ kc(X) containing N such that

x ∈ LN\F+(K) implies Fx ⊂ S(LN ∩D).
Then T and F have a coincidence point x0 ∈ X; that is, Tx0 ∩ Fx0 6= ∅.
Proof. Since cl F (X)∩K is compact and covered by compactly open sets Sx by

(1.1) and (1.3), there exists a finite subset N of D such that cl F (X)∩K ⊂ S(N).
Consider the set LN in (1.4).

We first claim that F (LN ) ⊂ S(LN ∩ D). In fact, if x ∈ LN ∩ F+(K), then
Fx ⊂ K and

Fx ⊂ F (LN ) ∩K ⊂ F (X) ∩K ⊂ S(N) ⊂ S(LN ∩D).

On the other hand, if x ∈ LN\F+(K), then Fx ⊂ S(LN ∩D) by (1.4). Therefore,
F (LN ) ⊂ S(LN ∩D).

Note that F (LN ) is compact since it is the image of the compact set LN under
the compact-valued u.s.c. multifunction F .

We show that T− |F (LN ) : F (LN ) → 2X has a continuous selection f :
F (LN ) → C where C = co{x1, x2, · · · , xn} ⊂ LN for some x1, x2, · · · , xn ∈ LN .
In fact, since F (LN ) is compact and included in S(LN ∩ D), by (1.1), we may
assume that F (LN ) ⊂ ⋃n

i=1 Sxi for xi ∈ LN ∩ D. Let {λi}n
i=1 be the partition

of unity subordinate to this cover, and let C = co{x1, x2, · · · , xn} ⊂ X. Define
f : F (LN ) → C by

fy =
n∑

i=1

λi(y)xi =
∑

i∈Ny

λi(y)xi

for y ∈ F (LN ) ⊂ F (X), where

i ∈ Ny ⇐⇒ λi(y) 6= 0 =⇒ y ∈ Sxi.

Then xi ∈ S−y ⊂ T−y by (1.1). Clearly f is continuous and, since T−y is convex
by (1.2), we have fy ∈ co{xi : i ∈ Ny} ⊂ T−y for each y ∈ F (LN ).

Since C ⊂ LN and F |C : C → ka(F (LN )) is u.s.c., by Lemma 1, f(F |C) :
C → 2C has a fixed point x0 ∈ C ⊂ LN . Since x0 ∈ (fF )x0 and f−1x0 ⊂ Tx0, we
have Tx0 ∩ Fx0 6= ∅. This completes our proof.
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Remarks. 1. Note that the Hausdorffness of Y is necessary for the partition of
unity argument in the proof. Later in Section 5, we show that the Hausdorffness
of Y is not necessary if F is single-valued. Note that (1.2) may be replaced by the
convexity of T−y for each y ∈ F (LN ).

2. Note that if F is compact (e.g., X is compact or Y is compact), then (1.4)
holds automatically. As we can notice in the proof, the N in (1.4) is not necessarily
arbitrary, but satisfies cl F (X)∩K ⊂ S(N). Moreover, if there exists a c-compact
subset L of X, then the LN in (1.4) can be chosen the closed convex hull of L∪N

in X. The coercivity condition (1.4) is motivated by Chang [19].

Particular forms. See Park [71, Theorem 1], [70, Theorem 6, where A should
be A : X → 2Y and x0 ∈ X], [74, Theorem 7], and Chang [19], Theorems 2.4 and
2.7.

We will frequently use the following particular form of Theorem 1 with D = X.

Corollary 1.1. Let X be a convex space, Y a Hausdorff space, S, T : X → 2Y

multifunctions, F : X → ka(Y ) an u.s.c. multifunction, and K a nonempty
compact subset of Y . Suppose that

(1) for each x ∈ X, Sx is compactly open ;
(2) for each y ∈ F (X), co S−y ⊂ T−y ;
(3) cl F (X) ∩K ⊂ S(X); and
(4) for each N ∈ F(X), there exists an LN ∈ kc(X) containing N such that

x ∈ LN\F+(K) implies Fx ⊂ S(LN ).
Then there exists an x0 ∈ X such that Tx0 ∩ Fx0 6= ∅.

Proof. Note that, for X = D, (4) is equivalent to (1.4).

Particular forms. See Browder [15, Theorems 1 and 7], [16, Proposition 1], [17,
Theorems 2 and 5], Tarafdar [95, Theorem 1], [96, Corollary 2.1 and Theorem 2.2],
[97, Theorem 1.2], [98, Theorem 2], Tarafdar and Husain [98, Theorem 1.1], Ben-
El-Mechaiekh, Deguire, and Granas [8, Théorème 1], [9, I, Théorème 1, 2, et 5; II,
Théorèmes 3.1–3.3 et 4.1], Yannelis and Prabhakar [101, Theorems 3.2 and 3.3],
Lassonde [59, Theoerm 1.1], Ko and Tan [56, Theorem 3.1], Simons [88, Theorem
4.3], Takahashi [93, Theorems 2 and 5], Komiya [57, Theorem 1], Mehta [64,
Theorem 3.1], Mehta and Tarafdar [65, Theorems 1–5], Sessa [82, Theorems 4,7,
and 8], Jiang [48, I, Lemma 3.2], [49, Lemma 2.1], [50, Corollary 3.2], McLinden
[63, Theorem], and Park [71, Theorems 2 and 9].
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If the multifunction F in Corollary 1.1 is compact, we have the following :

Corollary 1.2. (Granas and Liu [37, Theorem 4.1]) Let X be a convex space, Y

a Hausdorff space, and T, F : X → 2Y multifunctions such that
(1) T−y is convex for each y ∈ Y ;
(2) {IntTx}x∈X covers Y ; and
(3) F is compact and, for each polytope C in X, the restriction F |C : C →

ka(Y ) is u.s.c.
Then T and F have a coincidence point.

Proof. Let K be a compact subset of Y such that F (X) ⊂ K ⊂ Y . Since K ⊂⋃n
i=1 IntTxi for a finite subset {x1, x2, · · · , xn} in X. Let C = co{x1, x2, · · · , xn}

and Sx = IntTx for each x ∈ C. Apply Corollary 1.1 with (C, K, S, T |C,F |C)
instead of (X,Y, S, T, F ). Then all the requirements of Corollary 1.1 are clearly
satisfied. Therefore, the conclusion follows.

Remarks. 1. Corollary 1.2 is the main result of Granas and Liu [36, Théorème
2.1], [37, Theorem 4.1], and most of other results in [37], especially, coincidence
or fixed point theorems in Section 4 of [37], follow from Corollary 1.2.

2. In fact, Granas and Liu [37] assumed that X is a convex subset of a vector
space with the finite topology. Then X becomes a convex space and, in their case,
F is u.s.c. if and only if F |C is u.s.c. for every polytope C in X. Therefore [37,
Theorem 4.1] directly follows from Corollary 1.1.

4. Matching theorems and KKM theorems

In this section, we obtain far-reaching generalizations of the Ky Fan type match-
ing theorems for open coverings and the KKM type theorems.

Theorem 2. Let D be a nonempty subset of a convex space X, Y a Hausdorff
space, S : D → 2Y a multifunction, F : X → ka(Y ) an u.s.c. multifunction, and
K a nonempty compact subset of Y . Suppose that

(2.1) for each x ∈ D, Sx is compactly open ;
(2.2) cl F (X) ∩K ⊂ S(D) ; and
(2.3) for each N ∈ F(D), there exists an LN ∈ kc(X) as in (1.4).
Then there exist an {x1, x2, · · · , xn} ∈ F(D) and an x0 ∈ co{x1, x2, · · · , xn}

such that Fx0 ∩
⋂n

i=1 Sxi 6= ∅.
Proof. For each y ∈ Y , put T−y = coS−y. This defines a multifunction

T : X → 2Y . Then all of the requirements of Theorem 1 are satisfied. In fact,
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for each x ∈ D, x ∈ S−y for some y ∈ Y implies x ∈ T−y, that is, Sx ⊂ Tx.
This and (2.1) imply (1.1). Moreover, T−y, which may be empty, is convex for
each y ∈ F (X). This shows (1.2). Since (2.2) and (2.3) are same as (1.3) and
(1.4), resp., by Theorem 1, T and F have a coincidence point x0 ∈ X, that is,
Tx0∩Fx0 6= ∅. For y ∈ Tx0∩Fx0, we have x0 ∈ T−y = co S−y, and hence, there
exists a finite set {x1, x2, · · · , xn} in S−y ⊂ D such that x0 ∈ co{x1, x2, · · · , xn}.
Since xi ∈ S−y implies y ∈ Sxi for all i, 1 ≤ i ≤ n, we have y ∈ Fx0 ∩

⋂n
i=1 Sxi.

This completes our proof.

In fact, Theorems 1 and 2 are equivalent.
Proof of Theorem 1 using Theorem 2. Since (1.3) and (1.4) are same as (2.2) and

(2.3), resp., and (1.1) implies (2.1), by Theorem 2, there exist {x1, x2, · · · , xn} ⊂ D

and x0 ∈ co{x1, x2, · · · , xn} such that Fx0∩
⋂n

i=1 Sxi 6= ∅. For y ∈ Fx0∩
⋂n

i=1 Sxi,
we have y ∈ ⋂n

i=1 Sxi ⊂
⋂n

i=1 Txi by (1.1). Since y ∈ Fx0 ⊂ F (X) and xi ∈ T−y

for all i, 1 ≤ i ≤ n, by (1.2), co{x1, x2, · · · , xn} ⊂ T−y. In particular, x0 ∈ T−y,
that is, y ∈ Tx0. Hence y ∈ Tx0 ∩ Fx0. This completes our proof.

Particular forms. Theorem 2 generalizes Fan’s matching theorem for open cov-
erings in [32]. In fact, if F is single-valued, then Theorem 2 contains [70, Theo-
rems 1 and 2] and [74, Theorem 2]. Further, if X = Y and F = 1X , the identity
function, Theorem 2 includes Fan [32, Lemma 1 and Theorem 3].

Theorem 2 can be restated in its contrapositive form and in terms of the com-
plement Gx of Sx in Y as follows :

Theorem 3. Let D, X, Y, F , and K be as in Theorem 2. Let G : D → 2Y be a
multifunction such that

(3.1) for each x ∈ D, Gx is compactly closed ;
(3.2) for each N ∈ F(D), F (co N) ⊂ G(N); and
(3.3) there exists an LN ∈ kc(X) containing N such that x ∈ LN\F+(K)

implies
⋂{Gz : z ∈ LN ∩D} ⊂ Y \Fx.

Then clF (X) ∩K ∩⋂{Gx : x ∈ D} 6= ∅.

Proof. Suppose the conclusion does not hold. Then cl F (X)∩K ⊂ S(D), where
Sx = Y \Gx for x ∈ D. Since cl F (X) ∩K is compact, there exists a finite subset
N ⊂ D such that cl F (X) ∩K ⊂ S(N). Therefore, by Theorem 2, there exists an
M ∈ F(D) such that F (co M) ∩⋂{Sx : x ∈ M} 6= ∅; that is, F (co M) 6⊂ G(M).
This contradicts (3.2).
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Remark. For X = Y and F = 1X , (3.2) simply states that G : D → 2X is a
KKM multifunction. In fact, Theorem 3 generalizes a number of known KKM
type theorems.

Particular forms. For a single-valued function F = f : X → Y , Theorem 3
reduces to [74, Theorem 3], which includes [70, Theorems 3 and 4], [74, Theorem
4]. Moreover, Theorem 3 generalizes Chang [19, Theorem 2.1], Lassonde [59,
Theorems I and III], and Fan [25, Lemma 1], [30, Theorem 1], [32, Theorem 4].

Remark. Actually, Lemma 2 follows from Theorem 3. In fact, put X = Y ,
F = 1X , K = Gx0, and LN = co({x0} ∪ N) in Theorem 3. Then (3.3) is
satisfied since x /∈ Gx0 implies

⋂{Gz : z ∈ LN ∩D} ⊂ Gx0 ⊂ X\{x}. Therefore,
Gx0 ∩

⋂{Gx : x ∈ D} =
⋂{Gx : x ∈ D} 6= ∅.

However, according to Theorem 3, we have to assume the Hausdorffness of X

in Lemma 2, which is superfluous. We discuss this matter in the next section.

5. Some general KKM theorems

Since Theorems 1–3 are mutually equivalent, we shall focus mainly on Theorem
3 in this section. We first need the following, which can be deduced from Lemma
2.

Lemma 3. (Jiang [50, Lemma 1]) Let D be a nonempty subset of a convex space
X and G : D → 2X a KKM multifunction with compactly closed values. Then for
every nonempty compact convex subset X0 of X, we have

X0 ∩
⋂
{Gx : x ∈ X0 ∩D} 6= ∅.

Proof. Define G0x = Gx ∩ X0 for x ∈ X0 ∩ D. Then G0 : X0 ∩ D → 2X0

is well-defined. If X0 ∩ D = ∅, then the conclusion holds trivially. Therefore,
we may assume X0 ∩D 6= ∅. Consider (X0 ∩D, X0, G0) instead of (D, X,G) in
Lemma 2. Then all of the requirements of Lemma 2 are satisfied. Therefore we
have

⋂{G0x : x ∈ X0 ∩D} 6= ∅ or X0 ∩
⋂{Gx : x ∈ X0 ∩D} 6= ∅. This completes

our proof.

Remark. Jiang obtained Lemma 3 from the Brouwer fixed point theorem and
the partition of unity argument.
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Theorem 4. Let D be a nonempty subset of a convex space X, Y a topological
space, G : D → 2Y , F : X → 2Y multifunctions, and K a nonempty compact
subset of Y . Suppose that

(4.1) for each x ∈ D, Gx and F+Gx are compactly closed ;
(4.2) F+G : D → 2X is a KKM multifunction ;
(4.3) there exists a multifunction H : D → 2X satisfying

(a) Hx ⊂ F+Gx for each x ∈ D;
(b) for each N ∈ F(D), there exists an LN ∈ kc(X) containing N such that

LN ∩⋂{Hx : x ∈ LN ∩D} ⊂ F+K ; and
(c) LN ∩ ⋂{Hx : x ∈ LN ∩ D} = ∅ implies LN ∩ ⋂{F+Gx : x ∈ LN ∩ D}

⊂ F+K.

Then we have clF (X) ∩K ∩⋂{Gx : x ∈ D} 6= ∅.
Proof. We use Lemma 3. Suppose the conclusion does not hold. Since cl F (X)∩

K is compact, there exists an N ∈ F(D) such that

F (X) ∩K ⊂ clF (X) ∩K ⊂
⋃

x∈N

(Y \Gx).

Since there exists an LN ∈ kc(X), we have

LN ∩
⋂

x∈LN∩D

F+Gx ∩ F+(K) = ∅,

and hence
LN ∩

⋂

x∈LN∩D

Hx ∩ F+(K) = ∅

by (a). Since
LN ∩

⋂

x∈LN∩D

Hx ⊂ F+(K)

by (b), we have
LN ∩

⋂

x∈LN∩D

Hx = ∅,

which implies
LN ∩

⋂

x∈LN∩D

F+Gx ⊂ F+(K)

by (c). Therefore, we must have

LN ∩
⋂

x∈LN∩D

F+Gx = ∅,

which contradicts Lemma 3. This completes our proof.
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Remarks. 1. The condition (4.1) is satisfied if we assume one of the following :
(i) F is l.s.c. and Gx is closed for each x ∈ D.
(ii) F is a compact-valued continuous multifunction and Gx is compactly closed

for each x ∈ D.
(iii) F = t : X → Y is a single-valued continuous function and Gx is compactly

closed for each x ∈ D.
2. The condition (4.2) implies (3.2), but not conversely.
3. For the above case (iii), Theorem 4 reduces to Jiang [50, Theorem 2.2], which

unifies three basic KKM type theorems of Lassonde [59, Theorems I, II, and III],
and thus includes Dugundji and Granas [22, Corollary 1.4]. For details, see [50].
Note that our condition (b) is much weaker than Jiang’s.

In case H = F+G, Theorem 4 reduces to the following :

Theorem 4′. Let D,X, Y, G, F , and K be as in Theorem 4. Suppose that
(4.1) for each x ∈ D, Gx and F+Gx is compactly closed ;
(4.2) F+G : D → 2X is a KKM multifunction ; and
(4.3)′ for each N ∈ F(D), there exists an LN ∈ kc(X) containing N such that

LN ∩
⋂
{F+Gx : x ∈ LN ∩D} ⊂ F+K.

Then we have clF (X) ∩K ∩⋂{Gx : x ∈ D} 6= ∅.

Remark. As we noted above, Theorem 4′ cannot be comparable to Theorem 3.
However, for the case (iii), (3.1)–(3.3) are same as (4.1), (4.2), and (4.3)′, resp.
Only nontrivial part is to show (3.3) is same as (4.3)′. In fact, both conditions can
be written as follows :

(3.3) x ∈ LN , Fx ∩⋂{Gz : z ∈ LN ∩D} 6= ∅ =⇒ x ∈ F+(K).
(4.3)′ x ∈ LN , Fx ⊂ ⋂{Gz : z ∈ LN ∩D} 6= ∅ =⇒ x ∈ F+(K).

Therefore, in general, we have (3.3) =⇒ (4.3)′. However, for single-valued F ,
(3.3) is same as (4.3)′. Therefore, for single-valued F , Theorems 3 and 4′ are the
same and the Hausdorffness assumption on Y in Theorem 3 is superfluous. Since
Theorems 1–3 are equivalent, the same ramark also works for Theorems 1 and 2
and their corollaries, if any.

6. Analytic alternatives and fixed point theorems

Actually, Theorem 1 can be restated in various equivalent formulations. How-
ever, for the sake of simplicity, we consider the particular case Corollary 1.1 from
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now on. In this section, we give an equivalent form of Corollary 1.1 and two di-
rect applications. The first one is a basis of various minimax inequalities and the
second one generalizes the Himmelberg fixed point theorem [45, Theorem 2] to
acyclic compact multifunctions.

Theorem 5. Let X be a convex space, Y a Hausdorff space, F : X → ka(Y )
an u.s.c. multifunction, A,B ⊂ Z sets, f, g : X × Y → Z functions, and K a
nonempty compact subset of Y . Suppose that

(5.1) for each x ∈ X, {y ∈ Y : g(x, y) ∈ A} is compactly open ;
(5.2) for each y ∈ F (X), {x ∈ X : f(x, y) ∈ B} ⊃ co{x ∈ X : g(x, y) ∈ A};

and
(5.3) for each N ∈ F(X), there exists an LN ∈ kc(X) containing N such that,

for each x ∈ LN\F+(K) and each y ∈ Fx, there exists an x1 ∈ LN satisfying
g(x1, y) ∈ A.

Then either
(a) there exists a ŷ ∈ cl F (X) ∩K such that g(x, ŷ) /∈ A for all x ∈ X, or
(b) there exists an x̂ ∈ X and a ŷ ∈ Fx̂ such that f(x̂, ŷ) ∈ B.

Proof of Theorem 5 using Corollary 1.1. Consider the multifunctions S, T :
X → 2Y given by

Sx = {y ∈ Y : g(x, y) ∈ A} and Tx = {y ∈ Y : f(x, y) ∈ B}

for each x ∈ X. Then the requirements (1) and (2) of Corollary 1.1 are satisfied.
Suppose that (a) does not hold. This means that clF (X)∩K is covered by Sx’s.
Since cl F (X)∩K is compact, there exists an N ∈ F(X) such that cl F (X)∩K ⊂
S(N), whence we have (3). Further, (5.3) implies the requirement (4). Therefore,
by Corollary 1.1, there exists a point x̂ ∈ X such that T x̂∩ Fx̂ 6= ∅; that is, there
exists a ŷ ∈ Fx̂ such that ŷ ∈ T x̂. This completes our proof.

Proof of Corollary 1.1 using Theorem 5. Assume the hypothesis of Corollary 1.1,
and apply Theorem 5 to Z = X×Y . Let A be the graph of S with g(x, y) = (x, y),
and B the graph of T with f(x, y) = (x, y). Then (1), (2), and (4) in Corollary
1.1 imply (5.1)–(5.3) in Theorem 5. However, Property (a) in Theorem 5 does not
hold since S−y is assumed nonempty for each y ∈ cl F (X)∩K by (3) in Corollary
1.1. Hence Property (b) holds, that is, there exist an x̂ ∈ X and a ŷ ∈ Fx̂ such
that ŷ ∈ T x̂. This completes our proof.

Remarks. 1. Note that the set of all ŷ in (a) is a compact subset of
cl F (X) ∩K.

12



2. If Z = X × Y and f = g = 1X×Y , the identity function, then Theorem 5
becomes a generalization of the 1961 “geometric” lemma of Ky Fan [25, Lemma
4], [28, Lemma].

Particular forms. See Iohvidov [47, Theorem 1], Fan [27, Theorem 10], Browder
[15, Theorem 17], Lassonde [59, Theorem 1.1′ and Proposition 1.7], and Park [71,
Theorem 7]. For geometric forms, Fan [25], [28], [29, Theorem 2], [30, Theorem
10], Tan [94, Theorem 2], Shih and Tan [85, Theorem 3], Lin [61, Theorem 1],
and Park [74, Theorem 9].

From Theorem 5, we have the following analytic alternative, which is a basis of
various minimax inequalities.

Theorem 6. Let X be a convex space, Y a Hausdorff space, F : X → ka(Y ) an
u.s.c. multifunction, α ≥ β, f, g : X ×Y → R extended real-valued functions, and
K a nonempty compact subset of Y . Suppose that

(6.1) g(x, y) ≤ f(x, y) for all (x, y) ∈ X × Y ;
(6.2) for each x ∈ X, {y ∈ Y : g(x, y) > α} is compactly open ;
(6.3) for each y ∈ F (X), {x ∈ X : f(x, y) > β} is convex or empty ; and
(6.4) for each N ∈ F(X), there exists an LN ∈ kc(X) containing N such that,

for each x ∈ LN\F+(K) and each y ∈ Fx, there exsits an x1 ∈ LN satisfying
g(x1, y) > α.

Then either
(a) there exsits a ŷ ∈ cl F (X) ∩K such that g(x, ŷ) ≤ α for all x ∈ X, or
(b) there exists an x̂ ∈ X and a ŷ ∈ Fx̂ such that f(x̂, ŷ) > β.

Proof. Put Z = R, A = (α, +∞], and B = (β, +∞] in Theorem 5.

Particular forms. See Fan [29, Theorem 1], Brézis, Nirenberg, and Stampacchia
[12, Theroem 1], Allen [1, Theorem 2], Ben-El-Mechaiekh, Deguire, and Granas
[8, Théorème 2], [9, II, Théoremès 5.1 et 5.6, Corollaire 5.2], Tan [94, Theoerm 1],
Shih and Tan [83, Theorem 1], [86, Theorem 3], Aubin and Ekeland [4, Theorem
6.3.9], Granas and Liu [36, Theorem 5.1], Lin [61, Theorem 5], Takahashi [93,
Theorem 3], Ding and Tan [21, Theorem 1], Bae, Kim, and Tan [5, Theorem 1],
and Park [71, Theorem 9], [74, Theorem 7].

As an another application of Theorem 5, we have the following generalized fixed
point theorem.
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Theorem 7. Let X and C be nonempty convex subsets of a Hausdorff locally
convex t.v.s. E. Let F : X → ca(X + C) be a compact u.s.c. multifunction.
Suppose that one of the following conditions holds :

(i) X is closed and C is compact.
(ii) X is compact and C is closed.
(iii) C = {0}.
Then there is an x̂ ∈ X such that Fx̂ ∩ (x̂ + C) 6= ∅.
Proof. Let V be an open convex neighborhood of 0 in E, and Y a compact set

such that F (X) ⊂ Y ⊂ X + C. Apply Theorem 5 to A = B = C + V, Z = E,
and f = g : X × Y → Z defined by g(x, y) = y − x for (x, y) ∈ X × Y . All of the
requirements are satisfied. In fact,

(5.1) for each x ∈ X, {y ∈ Y : g(x, y) ∈ A} = x + C + V is open ;
(5.2) for each y ∈ Y, {x ∈ X : g(x, y) ∈ A} = y − C − V is convex ; and
(5.3) clearly holds since Y = K is compact.

Moreover, Property (a) in Theorem 5 does not hold. In fact, since Y ⊂ X +C, for
every y ∈ Y , there exists an x ∈ X such that y ∈ x + C + V , that is, y − x ∈ A.
Therefore Property (b) holds; that is, there exist an xV ∈ X and a yV ∈ FxV

such that yV − xV ∈ C + V . In other words, we obtain the assertion :
(*) for each neighborhood V of 0 in E,

(F − i)(X) ∩ (C + V ) 6= ∅,

where i : X → E is the inclusion map.
(i) Since X is closed, so is (F − i)(X). (See Lassonde [59, Lemma 2(i)].) Since

C is compact and E is regular, (*) implies that (F − i)(X)∩C 6= ∅; that is, there
exists an x̂ ∈ X such that Fx̂ ∩ (x̂ + C) 6= ∅.

(ii) Since (F − i)(X) is compact and C is closed, the same conclusion follows
as in Case (i).

(iii) If C = {0}, then F : X → ca(X) is a compact u.s.c. multifunction. Hence,
F has a fixed point if and only if (*) with C = {0} holds (Lassonde [59, Lemma
2(ii)]).

This completes our proof.

Particular forms. For F : X → cc(X +C), Theorem 7 reduces to Lassonde [59,
Theorem 1.6 and Corollary 1.18], which generalize earlier results of Fan [27, Corol-
lary to Theorem 10] and Browder [15, Theorem 19]. Theorem 7(iii) generalizes
Himmelberg [45, Theorem 2], where it is assumed that F : X → cc(X). Particular
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forms of this result are due to Schauder [81, Satz II], Mazur [62], Bohnenblust and
Karlin [11], Hukuhara [46], and Singbal [90], and, for a compact X, Brouwer [13,
Theorem 4], Schauder [81, Satz I], Tychonoff [99, Satz], Kakutani [53, Theorem
1], Ky Fan [24], and Glicksberg [34, Theorem].

Remark. If X itself is compact in Theorem 7(iii), then X is an lc space and,
hence, the conclusion follows from Begle’s well-known theorem [6, Theorem 1].

7. An abstract variational inequality and a main minimax inequality

Theorem 1 can be used to obtain variational inequalities and minimax theorems.
However, for the sake of simplicity, we adopt Corollary 1.1. The following abstract
variational inequality is a typical one and has many applications.

Theorem 8. Let X be a Hausdorff convex space, p, q : X × X → R ∪ {+∞},
h : X → R ∪ {+∞} functions, F : X → ka(X) an u.s.c. multifunction, and K a
nonempty compact subset of X. Suppose that

(8.1) q(x, y) ≤ p(x, y) for (x, y) ∈ X × X, and p(x, y) + h(y) ≤ h(x) for all
x ∈ X and all y ∈ Fx;

(8.2) for each x ∈ X, {y ∈ X : q(x, y) + h(y) > h(x)} is compactly open ;
(8.3) for each y ∈ F (X), {x ∈ X : p(x, y) + h(y) > h(x)} is convex or empty ;

and
(8.4) for each N ∈ F(X), there exists an LN ∈ kc(X) containing N such that

x ∈ LN\F+(K) implies

Fx ⊂ {y ∈ X : q(x1, y) + h(y) > h(x1) for some x1 ∈ LN}.

Then there exists a point y0 ∈ cl F (X) ∩K such that

q(x, y0) + h(y0) ≤ h(x) for all x ∈ X.

Moreover, the set of all solutions y0 is a compact subset of clF (X) ∩K.

Proof. Define multifunctions S, T : X → 2X by

Sx = {y ∈ X : q(x, y) + h(y) > h(x)},
Tx = {y ∈ X : p(x, y) + h(y) > h(x)}

for x ∈ X. Suppose that there exists a y0 ∈ clF (X) ∩ K such that y0 /∈ S(X).
Then the conclusion follows. Therefore, we may assume that cl F (X)∩K ⊂ S(X).
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Then all of the requirements of Corollary 1.1 are satisfied. Hence, there exists an
x0 ∈ X such that Tx0 ∩ Fx0 6= ∅. Let y0 ∈ Tx0 ∩ Fx0. Then y0 ∈ Fx0 and

p(x0, y0) + h(y0) > h(x0),

which contradicts (8.1). Moreover, the set of all solutions y0 is the intersection

⋂

x∈X

{y ∈ cl F (X) ∩K : q(x, y) + h(y) ≤ h(x)}

of compactly closed subsets of the compact set cl F (X) ∩K. This completes our
proof.

Remark. For F = 1X , Theorem 8 includes the main results in [75], [77]. There-
fore, as shown in [75], [77], the following are particular forms of Theorem 8.

Particular forms. See Brézis, Nirenberg, and Stampacchia [12, Application 3],
Juberg and Karamardian [51, Lemma and Theorem 1], Mosco [66, Theorem 2.1],
Allen [1, Corollaries 1 and 2], Takahashi [91, Theorem 3], Gwinner [39, Theorems
2 and 3], Lassonde [59, Proposition 1.4], and Park [68, Theorem 2], [75, Theorem
1], [77, Theorem 1].

The analytic alternative in Theorem 6 can be applied to the following main
minimax inequality.

Theorem 9. Let X be a convex space, Y a Hausdorff space, F : X → ka(Y ) an
u.s.c. multifunction, and K a nonempty compact subset of Y . Suppose that two
functions f, g : X × Y → R ∪ {+∞} satisfy the following

(9.1) g(x, y) ≤ f(x, y) for all (x, y) ∈ X × Y ;
(9.2) for each x ∈ X, y 7→ g(x, y) is l.s.c. on any compact subset of Y ;
(9.3) for each y ∈ F (X), x 7→ f(x, y) is quasi-concave on X; and
(9.4) for each N ∈ F(X), there exists an LN ∈ kc(X) containing N such that,

for each real λ, each x ∈ LN\F+(K), and each y ∈ Fx, there exists an x1 ∈ LN

satisfying g(x1, y) > λ.
Then (a) there exists a ŷ ∈ cl F (X) ∩K such that

sup
x∈X

g(x, ŷ) ≤ sup
(x,y)∈F

f(x, y);

and
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(b) the following minimax inequality holds :

min
y∈K

sup
x∈X

g(x, y) ≤ sup
(x,y)∈F

f(x, y).

Proof. It is clear that (a) implies (b). In order to show (a), we may assume
that λ = sup{f(x, y) : (x, y) ∈ F} = sup{f(x, y) : x ∈ X and y ∈ Fx} is finite.
Since Property (b) of Theorem 6 does not hold for λ = α = β, we conclude that
Property (a) of Theorem 6 holds. This completes our proof.

Particular forms. Theorem 9 is a far-reaching generalization of Fan’s 1972 mini-
max inequality [29] and contains numerous extensions due to Fan [29, Theorem 1],
[32, Theorem 5], Brézis, Nirenberg, and Stampacchia [12, Theorem 1], Takahashi
[91, Lemma 1 and Theorem 2.1], [93, Theorems 4 and 6], Yen [102, Theorem 1],
Aubin [3, Theorem 7.1.2], Ben-El-Mechaiekh, Deguire, and Granas [8, Corollaire
3], [9, II, Corollaire 5.3], Tan [94, Theorem 2], Shih and Tan [83, Theorem 2],
[84, Theorem 2], Aubin and Ekeland [4, Theorem 6.3.9], Lassonde [59, Theorem
1.2 and Corollary 1.3], Granas and Liu [36, Théorème 3.2], [37, Theorem 7.1], Lin
[61, Theorem 6], Ha [41, Theorem 1], and Park [71, Theorem 10]. In particular,
Granas and Liu [37, Theorem 7.1] applied Theorem 9 to obtain a general version
of the von Neumann minimax principle due to Sion and other minimax theorems
due to Fan, Nikaido, and Kneser.

8. Other generalizations of the Ky Fan type geometric properties of
convex spaces

In this section we obtain generalizations or variations of the 1961 geometric
lemma of Fan [25, Lemma 4] which cannot be covered by our Theorem 5. We
follow mainly Ha [40] and Takahashi [91].

We begin with the following consequence of Corollary 1.1.

Theorem 10. Let K be a Hausdorff compact space, Y a convex space, and A ⊂
B ⊂ C ⊂ K × Y such that A is nonempty and closed in K × Y . Suppose that

(10.1) for each y ∈ Y, {x ∈ K : (x, y) ∈ C} is closed;
(10.2) for each x ∈ K, {y ∈ Y : (x, y) /∈ B} is convex or empty; and
(10.3) for each y ∈ Y, {x ∈ K : (x, y) ∈ A} is acyclic.
Then there exists a point x0 ∈ K such that {x0} × Y ⊂ C.

Proof. Suppose that for each x ∈ K there exists a y ∈ Y such that (x, y) /∈ C.
Define S, T : Y → 2K by Sy = {x ∈ K : (x, y) /∈ C} and Ty = {x ∈ K : (x, y) /∈
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B} for y ∈ Y , and F : Y → 2K by Fy = {x ∈ K : (x, y) ∈ A} for y ∈ Y . Then
Sy is open for y ∈ Y and ∅ 6= co S−x ⊂ T−x for x ∈ K. Further, Fy is acyclic for
each y ∈ Y . Since A is closed in K×Y , each Fy is closed in K and the graph of F

is closed in Y ×K. Therefore, F : Y → ka(K) is a compact u.s.c. multifunction.
Now, applying Corollary 1.1 with (Y, K, S, T, F, K) instead of (X, Y, S, T, F,K),
we obtain a y0 ∈ Y such that Ty0 ∩ Fy0 6= ∅. For an x0 ∈ Ty0 ∩ Fy0, we have
(x0, y0) /∈ B and (x0, y0) ∈ A ⊂ B, a contradiction.

Corollary 10.1. Let X be a Hausdorff space, Y a convex space, and A ⊂ B ⊂
C ⊂ X × Y such that

(1) for each y ∈ Y, {x ∈ X : (x, y) ∈ C} is compactly closed ; and
(2) for each x ∈ X, {y ∈ Y : (x, y) /∈ B} is convex or empty.

Suppose that there exists a nonempty compact subset K of X and that A is closed
in X × Y and

(3) for each y ∈ Y, {x ∈ K : (x, y) ∈ A} is acyclic.
Then there exists an x0 ∈ K such that {x0} × Y ⊂ C.

Proof. Put A1 = A ∩ (K × Y ), B1 = B ∩ (K × Y ), and C1 = C ∩ (K × Y ).
Then apply Theorem 10 to (A1, B1, C1).

Remark. If X is a convex space and if (3) is replaced by
(3)′ for each y ∈ Y, {x ∈ K : (x, y) ∈ A} is nonempty and convex,

then Corollary 10.1 reduces to Ha [40, Theorem 3], which generalizes Fan’s 1961
Lemma. In [40], [41], Ha used his result to obtain a minimax inequality and
to prove Fan’s non-separation theorem [29, Theorem 3] and other fixed point
theorems. Note that in [40, Theorems 3 and 4], the convexity of X is superfluous.

Now Fan’s 1961 Lemma can be stated as follows :

Corollary 10.2. Let K be a compact convex space and B ⊂ K ×K such that
(1) for each y ∈ K, {x ∈ K : (x, y) ∈ B} is closed ;
(2) for each x ∈ K, {y ∈ K : (x, y) /∈ B} is convex or empty ; and
(3) (x, x) ∈ B for each x ∈ K.
Then there exists an x0 ∈ K such that {x0} ×K ⊂ B.

Proof. Put K = Y , A = {(x, x) : x ∈ K}, and B = C in Theorem 10. In this
case the Hausdorffness assumption is dispensable by the argument of Section 5,
since A is the graph of a single-valued continuous function.
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Remark. Another type of generalization of Corollary 10.2 is possible (see Park
[70], [71], [74]). It is well-known that Corollary 10.2 is equivalent to the Brouwer
fixed point theorem, many of its generalizations, the Sperner lemma, the KKM
theorem, the Fan-Browder fixed point theorem, Ky Fan’s minimax inequality, and
many others. (See Gwinner [39], Aubin and Ekeland [4], and Zeidler [103]).

We have other geometric properties which are closely related to Corollary 10.2.

Theorem 11. Let K be a nonempty compact convex subset in a Hausdorff locally
convex t.v.s. E and A an open subset of K ×K such that

(11.1) (x, x) ∈ A for every x ∈ K; and
(11.2) for each x ∈ K, {y ∈ K : (x, y) /∈ A} is acyclic or empty.
Then there exists an x0 ∈ K such that {x0} ×K ⊂ A.

Proof. Suppose the contrary. Then for any x ∈ K there exists a y ∈ K such
that (x, y) /∈ A. Define F : K → 2K by Fx = {y ∈ K : (x, y) /∈ A} for each
x ∈ X. Then each Fx is closed and acyclic. Note that F : K → ca(K) is u.s.c.
Therefore, by Theorem 7(iii), F has a fixed point x0 ∈ K, that is (x0, x0) /∈ A.
This contradicts (11.1).

Theorem 12. If we replace condition (11.2) by
(12.2) for each x ∈ K, {y ∈ K : (x, y) /∈ A} is convex or empty,

then Theorem 11 holds for a real t.v.s. E on which E∗ separates points.

Proof. Just follow the proof of Theorem 11 and, instead of Theorem 7(iii),
use Granas and Liu [37, Theorem 10.5] or Park [68, Theorem 6], [69, Theorem
5]. Those fixed point theorems are particular forms of Corollary 16.1 in the next
section.

Remark. Theorems 11 and 12 generalize Takahashi [91, Theorem 12] and Brow-
der [15, Theorem 17]. Takahashi gave two applications of his result to a Hausdorff
locally convex t.v.s. However, in view of Theorem 12, those also hold for a real
t.v.s. E on which E∗ separates points.

9. Necessary and sufficient conditions for coincidences in topological
vector spaces

Let E be a real Hausdorff t.v.s. We may assume that E∗ contains nonzero
elements and that E∗ has any convex space structure.

From Corollary 1.1, we obtain the following :
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Theorem 13. Let X be a nonempty convex subset of a real Hausdorff t.v.s. E,
K a nonempty compact subset of X, and P, Q : X → 2E\{∅} multifunctions such
that for each f ∈ E∗,

(0) Xf = {x ∈ X : sup f(Px) ≥ inf f(Qx)} is compactly closed.
Then the following are equivalent :
(i) There is an x̂ ∈ K such that x̂ ∈ ⋂{Xf : f ∈ E∗}.
(ii) There is an u.s.c. multifunction F : E∗ → ka(X) satisfying

(a) x ∈ Ff for f ∈ E∗ implies x ∈ Xf , and
(b) for each N ∈ F(E∗), there exists an LN ∈ kc(E∗) containing N such that

f ∈ LN\F+(K) implies Ff ⊂ ⋃{X\Xg : g ∈ LN}.
Further, if either
(A) E∗ separates points of E and P, Q : X → kc(E), or
(B) E is locally convex, P, Q : X → cc(E), and one of Px and Qx is compact

for each x ∈ X,
then each of (i) and (ii) are equivalent to the following :

(iii) There is an x̂ ∈ X such that Px̂ ∩Qx̂ 6= ∅.
Proof. (i) =⇒ (ii) Define F : E∗ → {x̂} ⊂ K. Then all of the requirements in

(ii) are trivially satisfied.
(ii) =⇒ (i) Define S : E∗ → X by

Sf = {x ∈ X : sup f(Px) < inf f(Qx)} = X\Xf

for f ∈ E∗. Then each Sf is compactly open by (0). Note that

S−x = {f ∈ E∗ : sup f(Px) < inf f(Qx)}

is convex for each x ∈ X. In fact, for any r, s ≥ 0 with r + s = 1 and for any
f, g ∈ S−x, we have

sup(rf + sg)(Px) ≤ r sup f(Px) + s sup g(Px)

< r inf f(Qx) + s inf g(Qx)

≤ inf(rf + sg)(Qx).

Now apply Corollary 1.1 with (E∗, X, S, S, F ) instead of (X,Y, S, T, F ). Then
requirements (1) and (2) in Corollary 1.1 follow from the above observations and
(4) from (b). However, (a) implies that S and F have no coincidence point.
Hence, by Corollary 1.1, requirement (3) does not hold. Therefore, there exists an
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x̂ ∈ clF (E∗) ∩K ⊂ K which does not belong to S(E∗); that is, S−x̂ = ∅. Then
x̂ ∈ Xf for all f ∈ E∗.

Now suppose that either (A) or (B) holds.
(iii) =⇒ (i) For y ∈ Px̂ ∩Qx̂, we have sup f(Px̂) ≥ fy ≥ inf f(Qx̂) for any

f ∈ E∗. Therefore, x̂ ∈ ⋂{Xf : f ∈ E∗}.
(i) =⇒ (iii) For x̂ in (i), suppose that Px̂ ∩ Qx̂ = ∅. Then each of (A) and

(B) implies that there is an f ∈ E∗ such that inf f(Qx̂) > sup f(Px̂), by the
standard separation theorems in a t.v.s. This contradicts x̂ ∈ Xf .

This completes our proof.

Remark. If P and Q are u.h.c., then (0) holds. For, the functions x 7→ sup f(Px)
and x 7→ inf f(Qx) are u.s.c. and l.s.c., resp., on X. But, the converse is not true.
An example of a pair (P, Q) which satisfies (0) but not u.h.c. can be given as
follows :

Let P, Q : [0,∞) → 2R\{∅} be given by

Px =
{

[1 + x, 2 + x] if x 6= 1
1/2 if x = 1,

Qx =
{

[−x− 2,−x− 1] if x 6= 1
−1/2 if x = 1.

Theorem 14. If X is compact in Theorem 13, then condition (ii) can be replaced
by the following :

(ii)′ There is a multifunction F : E∗ → ka(X) such that, for each polytope C

in E∗, the restriction F |C is u.s.c. and F satisfies (a) in (ii).

Proof. (ii)′ =⇒ (i) can be shown as in (ii) =⇒ (i) using Corollary 1.2 instead
of Corollary 1.1.

Remark. For u.d.c. multifunctions P and Q, Theorem 14 reduces to Granas and
Liu [37, Theorem 10.1]. Moreover, they adopted a more restrictive condition than
(ii)′.

From Theorem 14, we have a coincidence theorem for a class of multifunctions
more general than u.h.c. ones.

Theorem 15. Let X be a nonempty compact convex subset of a real Hausdorff
t.v.s. E, and P, Q : X → 2E multifunctions satisfying one of (A) and (B) in
Theorem 13. Suppose that
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(15.1) for each f ∈ E∗, Xf = {x ∈ X : sup f(Px) ≥ inf f(Qx)} is closed ; and
(15.2) for each (f, x) ∈ E∗ ×X, fx = min f(X) implies x ∈ Xf .

Then P and Q have a coincidence point.

Proof. Define F : E∗ → 2X by

Ff = {x ∈ X : fx = min f(X)}

for f ∈ E∗. Then each Ff is nonempty, closed, and convex. In view of Theorem
14, it is sufficient to show that, for each polytope C = co{f1, f2, · · · , fn} ⊂ E∗,
F |C has the closed graph in C×X. Let (fα, xα) be a net in C×X with xα ∈ Ffα

converging to a point (f0, x0) ∈ C × X. We have to show x0 ∈ Ff0. Let 〈 , 〉
be an inner product for the finite dimensional subspace V of E∗ generated by
f1, f2, · · · , fn. By the Riesz representation theorem in Rn, there exist y0, yα ∈ V

such that, for all f ∈ V , we have fx0 = 〈f, y0〉 and fxα = 〈f, yα〉. Since V is of
finite dimension, we have yα → y0 in V . Consequently,

f0x0 = 〈f0, y0〉 = lim
α
〈fα, yα〉

= lim
α

(min fα(X)) ≤ min f0(X),

where the last inequality follows from the fact that min f(X) as a function of f

is u.s.c. (See Berge [10, p.80]). Thus x0 ∈ Ff0 and the proof is complete.

Remarks. 1. The above proof is a modification of that of Granas and Liu [37,
Theorem 10.2].

2. Condition (15.2) is implied by one of the following :
(15.2)′ for each (f, x) ∈ E∗ × X such that fx = min f(X), there exist u ∈

Px, v ∈ Qx such that fu ≥ fv.
(15.2)′′ P is inward and Q is outward in the sense of Ky Fan [29]; that is, for

each (f, x) ∈ E∗ ×X such that fx = min f(X), there exist u ∈ Px, v ∈ Qx such
that fu ≥ fx ≥ fv.

Particular forsm. Simons [89, Theorem 3.1] obtained Theorem 15(B) for u.h.c.
multifunctions. Granas and Liu [37, Theorems 10.2 and 10.3] obtained particular
cases of Theorem 15 for u.d.c. multifunctions satisfying (15.2)′ and (15.2)′′, resp.,
instead of (15.2). Thus, Theorem 15 includes earlier works of Fan [28, Theorem
6], [29, Theorem 5], Lee and Tan [60, Theorem 4], and Takahashi [92, Theorem
11].
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From Theorem 15, we have the following fixed point theorem for a class of
multifunctions more general than weakly inward (outward) u.h.c. ones.

Theorem 16. Let X be a nonempty compact convex subset of a real Hausdorff
t.v.s. E, and R a multifunction satisfying either

(A) E∗ separates points of E and R : X → kc(E); or
(B) E is locally convex and R : X → cc(E).

(I) Suppose that, for each f ∈ E∗,
(16.1) {x ∈ X : fx ≥ inf f(Rx)} is closed ; and
(16.2) df (Rx, IX(x)) = 0 for every x ∈ Bd X.
Then R has a fixed point.

(II) Suppose that, for each f ∈ E∗,
(16.1)′ {x ∈ X : sup f(Rx) ≥ fx} is closed ; and
(16.2)′ df (Rx, OX(x)) = 0 for every x ∈ Bd X.
Then R has a fixed point. Further, if R is u.h.c., then R(X) ⊃ X.

Proof. (I) Put Px = {x} and Qx = Rx in Theorem 15. Since IX(x) = OX(x) =
E for x ∈ IntX, (16.2) is equivalent to the following :

(∗) df (Rx, IX(x)) = 0 for every x ∈ X and f ∈ E∗.

However, this implies (15.2) by Jiang [48, I, Lemma 2.1]. Therefore, by Theorem
15, R has a fixed point.

(II) Put Px = Rx and Qx = {x} in Theorem 15. The same argument as the
above shows that R has a fixed point. For the surjectivity, let y ∈ X. Consider
Rx− y and apply Theorem 15 with Px = Rx− y and Qx = {0}. Note that P is
u.h.c. if R is, and hence, there exists an x ∈ X such that Rx 3 y. This completes
our proof.

Remarks. 1. If R is u.h.c., then (16.1) or (16.1)′ hold automatically, but not
conversely, as shown by an example in the Remark following Theorem 13. If R is
weakly inward or weakly outward, then (16.2) or (16.2)′, resp., holds automatically,
but not conversely. For an example, see Jiang [48].

2. For a normed vector space E, note that (*) holds if and only if d(Rx,

IX(x)) = 0, where d is the metric induced by the norm. This was given by Jiang
[48, I, Corollary 3.6]
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Particular forms. A different form of Theorem 16(B) is due to Simons [87,
Theorem 2], which extends earlier works of Glebov [33, Theorem] and Cellina [18,
Theorem 3]. See also Park [76]. Moreover, Park [73] applied Theorem 16 to obtain
fixed point theorems for various types of condensing inward multifunctions.

The following consequence of Theorem 16 is well-known.

Corollary 16.1. Let X be a nonempty compact convex subset of a real Hausdorff
t.v.s. E, and R : X → 2E an u.h.c. multifunction satisfying either (A) or (B).

(I) If R is weakly inward, then R has a fixed point.
(II) If R is weakly outward, then R has a fixed point and R(X) ⊃ X.

Remark. Corollary 16.1 includes Lasry and Robert [58, Théorème 10], Cornet
[20, Théorèmes 3.1 et 3.4] (see also [3, Theorems 15.1.3 and 15.1.4], [4, Theorems
6.4.14 and 6.4.15]), and numerous generalizations of the Brouwer or Kakutani fixed
point theorems as follows :

Particular forms. See Brouwer [13], Schauder [81, Satz 1], Tychonoff [100,
Satz], Rothe [80], Kakutani [53, Theorem 1], Glicksberg [34, Theorem], Fan [24],
[26, Corollaire 2], [28, Theorem 3], [29, Theorem 6], [32, Corollary 3], Halpern
[42], [44, Theorems 2, 3, and 5], Halpern and Bergman [43, Theorems 4.1 and
4.3], Browder [14, Theorems 1 and 2], [15, Theorems 3–5], Reich [78, Theorem
1.7], [79, Theorem 3.1], Kaczynski [52, Theorem 1], Arino, Gautier, and Penot
[2, Theorem 1], Park [68], [69], [76], and Granas and Liu [37, Theorems 10.4 and
10.5].

Some of the major particular forms of Theorem 16 can be adequately summa-
rized by the following enlarged version of the diagram given in [68].

In the diagram, the class I stands for that of Euclidean spaces, II for normed
vector spaces, III for locally convex spaces, and IV for topological vector spaces
having sufficiently many linear functionals. In fact, Theorem 16 contains all the
results in the diagram.
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