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IN [3], RAY AND WALKER derived mapping theorems for nonlinear operators on Banach spaces 
satisfying two different kinds of local assumptions-differentiability and monotonicity-by 
using basic technique involving applications of the following extended version of the well- 
known Caristi-Kirk fixed point theorem [2]. 

THEOREM (Ray-Walker [3]). Let (M, d) be a complete metric space, let v be a lower 
semicontinuous function from M to [0, =), let c be a continuous nonincreasing function from 
[0, m) to [0, CD), for which J”c(s) ds = c=, and let x0 E M fixed. If g: M --, M is a mapping 
satisfying 

44x7 x0))+> g(x)) c V(X) - Vu(&)>, x EM, 

then g has a fixed point. 

If c(s) = 1, then the Ray-Walker theorem reduces to the Caristi-Kirk theorem, which is 
equivalent to Ekeland’s theorem [l]. 

In this short paper, we show that the Ray-Walker theorem is actually equivalent to the 
Caristi-Kirk theorem. 

The following lemma shows our claim. 

LEMMA. Let (M, d) be a metric space, let w: M + [0, 00) be a function, let c: [0, m)+ 
[0, 03) be a continuous nonincreasing function with J”c(s) ds = ~0, and let xg E M. Then there 
exists a function $: M-+ [0, m) satisfying 

d(X?Y) 6 Q(x) - HY) 
whenever 

4@,xo))4x,Y) =S Y(X) - Y(Y). 
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Moreover. if v is l.s.c., so is 4. 

Proof. Since c is nonincreasing, continuous and J”c(s) ds = a:, we can define q5: X+ [O. m) 

bY 

i 

4WO) + @J(x) 
c(s) ds = I,+). 

d(x.xa) 

Moreover, if y is 1.s.c. at x E M and if x,--,x, then 

4xmxo) + ti.4 
lim y(x,) = lim - - I 

c(s) ds > y(x). 
4x,.x0) 

Since limd(x,,xO) = d(x, x0), we have &I 4(x,,) 3 G(x). Hence, #J is also 1.s.c. at x. Now 
suppose that 

Since c is nonincreasing. 

c(d(x, xo))dk Y) 6 V(X) - V(Y). 

I 
d(x.xo) -d(x.,v) 

c(s) ds s c(d(x, xo))d(x, y). 
db.xd 

Therefore, we have 

d(x.xo) I d(v.4 

Since d(‘y, x0) G d(xo, x) + d(x, y) and c is nonincreasing, 

I 

dfuo) *d(x.)) 

c(s) ds =G 
&.x0) I 

d(+.xo) +fix) dt_~.xo)*&~) 

c(s) ds - c(s) ds. 

i 

d(x.xo)+d(x.y) 

c(s) ds + 
4x.x0) I 

d(x.xo) +d(x.y) + &vcv) 

c(s) ds G 
d(x.xn) -d(r..v) i 

d(x.xo)-$0) 

c(s) ds. 
d(r.xa) 

which shows that 
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