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FIXED POINTS OF CONTRACTIVE MAPS
OF COMPACT METRIC SPACES

By SEHIE PARK

We consider various applications of Jungck’s fixed point theorem [5]on
compact metric spaces. In fact, we show that a number of known facts on
fixed points are consequences of the theorem. Also applications to common
fixed points of families of maps are considered.

1. Introduction

In [5], Jungck gave a very useful fixed point theorem on compact metic
spaces. Namely,

TuroReEM A. (Jungck [5])) Let f be a continuous map of a compact met-
ric space (X,d) into itself. Then f has a fized point iff for any z,y=X,
Jx+fy, there is a map g which commutes with f such that

d(gz,gy) <d(fz, fy).

In this paper, we demonstrate the usefulness of Theorem A by listing its
direct consequences. Also we discuss some mutual relations among. known
results. In fact, we list fixed point theorems on maps and later on common
fixed points of families of self-maps of a compact metric space. Finally, we
give some applications.

2. Preliminaries

A map f of a metric space (X,d) into itself is said to be nomezparsive if
d(fz, fy)<d(z,y) for all z,y=X. f is said to be contractive if d(fz, fy)<<
d(z,y) for any distinct points z, y=X. f is said to be iteratively contractive
if for any z,y=X, z+y, there is an integer £>>0 such that d(f(z), f*(5))
<d(z,y). Let Cs denote the set of all maps g : X—X which commute with
f. We note that if z=X is a fixed point of f, then so is g*(z) for any g
&Cy and any integer n>0.

Let G be a commutative semigroup of continuous self-maps of (X,d).
Then G is said to be prozimally contractive if for any z,y=X, z+y, there
is a g&=G such that d(gz,gy)<d(z,y). Two points z, y=X are said to be
e-proximal w.r.t. G if for any >0 and f=G with d{(fz, fy)<e there
exists g&G such that d(gf(z),gf(y))<p. If £ and y are e-proximal for
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all 0, then they are said to be proxzmal £3l
The foﬂomng is useful.

THEOREM B. (Holmes {3, Theorem D If (X,d) is compact and G is
proximally contractive, then cack pair of points in X is proximal.

3. Fixed points of maps
Now we consider direct applications of Theorem A.

PROPOSITION 3. 1. Let f be a continuous self-map of a compact metric spare
(X, d) If for any z,y=X, fz#fy, there is an integer N=N(z, y)>0 such
that

d(fNz, fNy)<d(fz, fy),
then f has a unigue fized point.

Proof. Since fV belongs to C;, f has a fixed point. The uniqueness
follows from d(f"z, f¥y)<d(fz, f5))- |

PROPOSITION 3.2. Let f be a continmous self-map of a compact metric space
(X, d). If f is iteratively contractive, then f has a unigque fixed point p=X.
Furthermore, if f is nonexpansive, then p=hm, .. f*(x) for all z=X.

Proof. For any z,y=X, fz+#fy, there exists an integer m>>0 such that
A(f™(2), () <d(fz,fy). Simce fmeCs, f has a fixed pomnt 7 by
Theorems A. The uniqueness follows from 4(f(z), F=(y))<d( fx, ).

'For the second half, note first that the commutative semigroap G= {7},
#n>0, is proximally contractive. Hence, by Theorem B, any z&X and »
are proximal, i.e., for any >0 there is an integer ' N>0 such that
a(fN(x), n)<p. Smce F is nonexpansive, for any »>N, we have
d(fr(x), ) <d(f¥z), <p, i-e, p=lm,..f*(z).

The - first part of Proposition 3.2 is due to Bailey [17] as a generahzauon
of Edelstein’s result [2] for 2=1.
The following is an easy consequence of Proposition 3. 2

QOROLLARY‘ 35 If (X, d) is campact and f: XX is contractive, then
f has a anique fizxed point =X and for any x=X we have pzlim,,_.m ().
We need the following.
© Ldmva. (Tan [7,7 Proposition 2.41]) Let Y be any’ topological “space and
F: Y—Y be a map. If there is an integer N>0 and there is a (€Y such
that {=km, .. (f®)*(y) for ecach y=Y then [=tm,..f*(y) for each y=Y.
Combining Proposition 3.2, Corollary 3.3 and the lemma, we obtain two
propositions.
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PROPOSITION 3.4. Let f be a self-map of a compact metric space (X,d).-
If there is an integer N>>0 such that f¥ is contractive, then f has a wnique
fized point =X and p=lim,.,f*(z) for each z<X.. o -

Proposition 3.4 is motivated by Corollary 2.4 of Tan [7] Note- that, in
many aspects, contractive maps of compact metric spaces play almost same
roles to strict contractions of complete metric spaces.

ProrosITION 3.5. (Tan [7, Corollary 4.8 1If (X, d) is compact and
f 1 X—Xis such that for some integer n_>0, f* is nonexpansiweand tieratively
contractive, then f has a unique fived point vEX and Jp =lim,-., f*{(x) for
all z=X.

The following is motivated by Corollary 2.6 of [7]

COROLLARY 3.6. Let f be a self-map of a-compact. (X, d). If there are maps
R, S: X—X such that RS=1x and if there exists an integer N >0 such that Sf¥R.

is either (1) contractive or (2) nonexpansive and iteratively contractive, then

f has a unique fized point n=X and p=R(lim,..(Sf"R) (z)) for all z=X.

Proof. (1) Since (SfR)N=S8f¥R is contractive, by Proposition 3.4, SfR
has a unique fixed point X, that is, (SfR){={. Then R{=»is ﬁxed
under f. Its uniqueness follows from the surjectivity of R.” The - last part
follows also from Proposition 3. 4. 7

(2) Use Proposition 3.5 instead of Proposition 3.4 in the proof of (1).

4. Common fixed points of families of maps

Let F be a family of self-maps of a set X. An element zeX i is called a
fized point of F whenever we have fx=z for every f&F. The folIowmg
seems to be fundamental.

Lemma 4.1. Let F be a family of self-maps of a set X. If a map g F
commutes with any f<F and has a unique fixed point, then so does F.

Proof. Let z be the unique fixed point of g. For any fEF, gf(z)=
fg(z) =gz, whence fz=2z by the uniqueness.

The converse of Lemma 4.1 does not hold, e. g, let X=[0,1] and F:be the
family of all maps of the form z 1——az”, 2€X, a>0,2=2, 3, -+-. Then every
JfEF has two fixed points. However, clearly ¥ has a unique fixed point.

Combining Lemma 4.1 and any of propositions-or-- corollaries in §2. we
obtain fixed point statements of families of self-maps. Examples . of such
statements are compact metric space versions of Corollary 2. 6.and of Corellary
2.9 in [ 7]

A rather nontrivial application of Theorem A to'a family of maps ‘is the

v
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following.
Prorosrrion 4.2. (Holmes [3, Corollary 1 to Theorem 10) If (X, d) is

compact and a commutative semigroup G of continuous self-maps of X is
proximally contractive, then G has a unique fized point.

Proof. For any f&G and any z, y=X, fz+fy, there exists an A=G such
that d(kz, ky) <d(fx, fy). Since heCy, by Theorem A, f has a fixed point.
We now show, by induction, that any finite subset of G has a common
fixed point. Suppose f1(z) =f,(z) =-=f,(2) == and let f be arbitrary in G.
Then, as z and fz are proximal by Theorem B, fore ach n=1,2,3, -+ there .
is a g,=G such that d(g.(2), £.f(z))<1/n. By compactness, there is a
subsequence {g,;} of {g,} such that {g, ()} converges to a point w,and, so
does {g,,f(z)}. Therefore fw=w by the continuity and commutativity. But
then, for £=1,2,--, n, fi(w)=lim;...fig, (z) =lim; g, (x)=w, and w
is a commeon fixed point of f3, -, f,. Thus as the set of fixed points of an
element of G is closed, compactness insures at least one fixed point of G.
Clesrly such a point is unique.

The above proof is essentially due to Holmes [3]. Actually, his proof
depends on a lemma instead of Theorem A. Note also that the first half of
Proposition 3.2 is a consequence of Proposition 4. 2.

Let G be a commutative semigroup of self-maps of (X,d). Then G is
called asymptotically contractive if for any z,y=X, z+y, there exists g&G
such that d(gf(2), gf(y))<d(z,y) for any f=G [3]. Note that if G is
asymptotically contractive then it is proximally contractive. Therefore, we
have the following.

CorOLLARY 4.3. If (X, d) is compact and G is asymptotically contractive,
then G has a unique fized point.

Corellary 4.3 is a particular case of Theorem 2 of Holmes [3]. The set
{z=X{ there exists z&X such that for every f&G, 20, there exists g&G
such thatd€fels), 2)<le} is called the G-closure of X and is denoted by X6,
and thesset G(z)= {2} U {fz|f=G} is called the ordit of = [6]. Holmes
[3, Thessem 2}showed that if G is asymptotically contractive on a metric
space (X, d), then every point of XC is the unique fixed point of G. Hence,
X% should consist of at most one point. However, this does not guarantee
that X6#¢. If X is compact, then for any family F of continuous self-maps
of X we have XF+¢ [6,p.67] Therefore, we have

COROLLARY 4.4. In Corollary 4.3, X€ consists of exactly ome point, which
is the unigue fixed point of G. ‘

*
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5. Applicatiens

The last statement has some applications. A commutative semigroup G of
continuous self-maps of (X, d) is called asymptotically nonexpansive if for
every z,y=X, z+y, there exists g&=G such that d(gf(z),gf(y)) <d(z,y)

- for all f&G. Note that if G is asymptotically contractive then G is asymp-
totically nonexpapsive.

(1) Holmes and Narayanaswami [4] showed that if G is asymptotically
nonexpansive on a metric space (X, d) and if 2= X6 then for every feG,
e>0, there exists g=G such that d(fg(2), 2) <e.

This is trivial for a compact X and an asymptotically contractive G since
X6 consists of the only fixed point of G, by Corollary 4. 3.

(2) Holmes (see [6, Theorem 4]) showed that if X is a compact convex
subset of a Banach space and G is a commutative semigroup of asymptoti-
cally nonxepensive, continuous self-maps of X, then G has a fixed point.

If G is asymptotically contractive then G has a unique fixed point.

(3) Kiang [6, Corollary 2 to Theorem 5] showed that if X is a eompact
convex subset of a strictly convex Banach space and if G is a commutative
semigroup of asymptotically nonexpansive, continuous self-maps of X, then
for each z= X6, the center of co G(z) is a fixed point of G.

If G is asymptotically contractive, then X6 consists of the unique fixed
point z of G and XS=z=co G(z) =the center of coG {z).
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